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1 Contact (Geometry
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Classical mechanics is rooted in symplectic geometry. In a parallel fashion, contact
geometry provides the natural geometric framework for thermodynamics. For example,
thermodynamic phase space is a contact manifold, and equilibrium states are Legendrian
submanifolds whose generating functions give rise to thermodynamic potentials. In this
section we introduce the basic language of contact geometry and explain its connection

with thermodynamics.

1.1 Contact manifolds

Let M be an orientable manifold of odd dimension 2n + 1. Let £ C T'M be a sub-
bundle of rank = 2n. At each point z, £, C T, M is a hyperplane in the tangent vectors
at x, hence can be written as:

& = Ker(a,)

where «, is a linear 1-form at x. Intrinsically, «, is a generator of the real line
(TeM /&) — (T M)".

We will always assume ¢ is orientable, which is equivalent to the triviality of the
line bundle TM /¢. In this case we can always find a global 1-form « on M such that
& =ker a, ie.:

& = Ker o, Ve e M.

Such « is defined up to a global rescaling: for any nowhere vanishing function A : M —
R\ {0}, both o and A« lead to the same &.

Definition 1.1. The pair (M,¢) is called a contact manifold if its defining 1-form «
satisfies:

a A (da)™ #0 everywhere on M.

Such « is called a contact form.
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The contact condition says a A (da)™ defines a volume form on M. Note that this
condition is a property of & and does not depend on the choice of a. In fact, for another
choice Aa where A : M — R\ {0}, we have:

(Aa) A (d(Aa))™ = X"a A (da)™.

Example 1.2. On R*""! with coordinates {q', p;, 2},
a=dz+ i pidg’
i=1
defines a contact 1-form. We have
do = Zn: dp; N dq'
i=1

so a A (da)™ is proportional to the standard volume form on R?"1,

Example 1.3. Consider S>"*! as the unit sphere in C"1,

St — {(zo,zl,...,zn) € C"t| Z |2|? = 1}
=0

Consider the following Liowville form X\ = £ 3 (zjdz; — z;dz;) on C"*'. In terms
j=0
of real coordinates z; = x; + iy;,

A= (z;dy; — y;dx;).
=0

Then o« = A|gznt1 defines a contact 1-form. To see this, consider the Euler vector field

- 0 0
S (o)
;}( T0x; Oy,

along the radial direction normal to S*"*1. Since tpd\ = 2\, we find

1
= L
om+2F

a A (da)n (d)\)ln+1|52n+1.

Since (dAN)"T! is a volume form on C"™' and E is normal to S*" ™, we know o A (da)™

is a volume form on S*"1.

Theorem 1.4 (Darboux Theorem). Let o be a contact form on M and p € M. Then

there are local coordinates {xt,...,x" y1,...,Yn, 2} near p such that:

a=dz -+ Zl’jdyj

J=1

4
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This can be proved similarly to the symplectic case via the Moser’s trick. Such
local coordinates will be called a Darboux coordinate of (M, ¢). By Darboux Theorem,
Example 1.2 can be viewed as the standard local model of contact manifolds. In Darboux

coordinates,

f:Span{a o 0 0 0 8}

—_— ., — — —Xim—y ., —— — Ty
0x, ox, Oy 10z oYn, 0z

1.2 Legendrian submanifolds

Let (M, €) be a contact manifold and « be a contact form. At any point z € M, doe,

defines a skew-symmetric form on the tangent hyperplane &,. By the contact condition,

(da)"le, # 0.

Thus dale, is non-degenerate on &,. In other words, (&;,dale,) is a symplectic vector
space. This symplectic structure is well-defined up to a rescaling constant. In fact, for a

different contact form Aa:
d(Aa)le, = Adale, = Mz)dale,
where we have used the defining relation a|¢, = 0.

Definition 1.5. A submanifold L of (M, ¢) is called an isotropic submanifold if 7). . C

&, for all x € L. In terms of the contact form «, this is equivalent to:
O./|L = 0.

Let L be an isotropic submanifold. Then do|;, = d(a|r) = 0, hence T, L defines an
isotropic subspace of (§;,dale,). By standard linear algebra, this implies:

dim M —1

dim L <n=
imL<n 5

Definition 1.6. An isotropic submanifold L of a (2n + 1)-dim contact manifold (M, )
is called a Legendrian submanifold if dim L = n is of maximal dimension.
Example 1.7. Consider the standard local model R*"* with o = dz + > aidy;. Let

=1
f = f(y;) be a function of y;. Then the equations

T = _91
(2 ayz7

I
—

define a Legendrian submanifold.
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More generally, given any partition of the set of indices {1,2,...,n} into two disjoint

subsets I and J, and for a function ¢ = @(x7,y;), the (n+ 1) equations

dp i
mJ__a_yja yl—axiv Z_Qo_iezlxz

D
X

e rel,jeld

define a Legendrian submanifold L. Such ¢ is called a generating function of L.
Conversely, let L C M be a Legendrian submanifold and assume {xr,ys} = {2, y; bier jes

defines a coordinate on L for some partition {I,J}. Thus L is defined by relations
vy =xi(rr,y1), v =yirnys), z2=z2xnys), el jeld

Define the function

o(xr,ys) = 2(x1,ys) + Z iy (2, 97).
i€l

By the Legendrian condition

il jeJ
= dp = Z yidx; — Z xjdy; on L
i€l jeJ
Iy O
— = —, P = L
x; o, Y . on

Thus ¢ is a generating function of L.

Example 1.8. Let L be a Legendrian Submanifold of (M, ). Then locally L is represented

by a generating function in Darboux coordinates.

Legendre transform of generating functions

Consider the standard contact manifold R*"*!, o = dz + Xn: x;dy;. Let L C R?"*! be
a Legendrian submanifold. As shown in Example 1.7, L can bZe:(liescribed by a generating
function. However, such generating function depends on a choice of coordinates on L.
Legendre transform relates generating functions in different coordinates.

For example, assume both {y,...,y,} and {z;,y;}ier jes define coordinates on L.
Let f(y) be the generating function associated to {yi,...,y,} and f(:v;, ys) be the gen-

erating function associated to {zy,y,}icr jes. By Example 1.7
f = z|p viewed as a function in {yi,...,y,}

and

f=z+ E x;y;| 1, viewed as a function in {z;, y; }ier je-
icl
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Under the coordinate transformation

{yla s 7yn} — {l‘iyyj}iéfa

the generating function transforms as

f_>f:f+zxiyi:f_zyig_;-

iel iel
This is the standard form of Legendre transform. Thus the Legendre transform here

describes the same Legendrian submanifold in different parametrized coordinates.

1.3 Thermodynamic phase space

The simplest thermodynamical phase space of a system is a contact manifold with
coordinates {U, T, S, P,V'} and contact form

a=dU —TdS + PdV.
Here

e u = Internal Energy

T = Temperature
o S = Entropy
e P = Pressure
e V = Volume

Equilibrium thermodynamics corresponds to a Legendrian submanifold € such that
ale =0, ie. dU=TdS — PdV.

This is the First Law of Thermodynamics. As we have learned, € can be described
by generating functions, which are called thermodynamical potentials. Different

parametrizations of € lead to different thermodynamical potentials.

1. Choose coordinates {S,V'}.
The generating function is the internal energy U = U(S, V). Then the Legendrian
condition dU = T'dS — PdV leads to

oU oU
T=5g P=-—7
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2. Choose Coordinates {7, V'}.
The generating function F' = F(T, V') is obtained by Legendre transform

F=U-TS.
The Legendrian condition «¢ = 0 becomes:
dF = —SdT — PdV

which leads to

oF oF
=or P

The thermodynamic potential F/(T, V) is called the Helmholtz free energy.

3. Choose Coordinates {S, P}.
The generating function H = H (S, P) is obtained by Legendre transform:

H=U+ PV
The Legendrian condition «|¢ = 0 becomes

dH =TdS +VdP

which leads to . .
T=—  V=—.
oS’ oP

The thermodynamical potential H(S, P) is called the enthalpy.

4. Choose coordinates {T', P}.
The generating function G = G(T, P) is obtained by Legendre transform

G=U-TS+PV
The Legendrian condition a|e = 0 becomes

dG = -8dT' + VdP

which leads to

oG oG

The thermodynamical potential G(T, P) is called the Gibbs free energy.
Thus the four thermodynamical potentials U(S, V), F(T,V), H(S, P), G(T, P) and
the differential relations
dU =TdS — PdV
dF = —SdT — PdV
dH =TdS +VdP
dG = —=SdT +VdP
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express the same Legendrian submanifold (equilibrium) in the thermodynamic phase

space via different parametrizations.

1.4 Thermodynamic metrics

Metric structures in thermodynamics capture various properties of physical quan-
tities (such as fluctuations) and exhibit interesting behaviors at phase transitions. We

discuss two thermodynamic metrics here.

1. Weinhold metric in the energy representation U = U(S, V)

0*U 02U 02U
W) = v2U = dSdS + 2————dSdV avdv
g 9595 T 2asav Y T avav
or in components ggv) = %, Xt = (S, V).
2. Ruppeiner metric in the entropy representation S = S(U, V)
0*S 0?S %S
B = V25 = — dUdU + 2 audv avdv
J <8U8U T orav T ovav
or in components ggv) = _aii)’fégyj’ Yi=(UYV).

These two thermodynamic metrics are related by

() _ L
T

W)

g 9

under the coordinate transformation.

Contact Riemannian geometry gives a beautiful unification of such thermodymaic
metrics. We will not dive into a detailed study of Contact Riemannian geometry, but
instead explain the relevant construction in this example of the thermodynmaical phase
space parmatrized by {U, T, S, P,V'} with the contact 1-form oo = dU — T'dS + PdV .

Consider the non-degenerate symmetric form
Y =dTdS — dPdV + a ® a.
Let L C M be a Legendre submanifold and we consider the symmetric tensor %|;.

1. In the {S,V} coordinates and U = U(S, V'), we have

oU oU
T — %, P — W.
Thus
oU oU 9*U 9 0*U 0*U 9 W)
YL = d(%)dS + d(W)dV = 8S88ds + 2858Vd5dv + 8V8fudv =g

which is the Weinhold metric.
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2. In the (U, V) coordinates and S = S(U, V), the relation dS = £dU + £dV gives
1 9 P 08

TTo0 T ov
Thus

P
S| = dTdS — d(z; - T)dV

P P
= dT(dS — dV) — Td()dV
1 P
7V = Td(5)av

05 a5
= ~Td(5)dU — Td(z)dV

2 2 2
:T(— o5 dU? — 2 o5 dudv — o5 dV2>

— —Td(

ouou ouov ovov
=Tg®.

which is Ruppeiner metric rescaled by the factor T'.

This proves the relation Tg" = ¢™) and they are different parametrizations of the

tensor X|r.

1.5 Contact transformations

Definition 1.9. Let (M, ) be a contact manifold with contact 1-form «. A diffeomor-
phism ¢ : M — M is said to be a contact diffeomorphism if ¢ preserves &, i.e.

0 =¢.
In terms of the contact form «, this is equivalent to
p*(a) = A

where A is a nowhere vanishing function on M. If A =1, i.e. ¢*a = a, then ¢ is called a

strict contact diffeomorphism.
Example 1.10. Consider (R?, a = dz + zdy).

e Translation

oo (r,y,2) = (,y,2+¢), c€R

is a strict contact diffeomorphism.

e Rescaling
¢A2<I,y72>—><l’,>\y,/\2)7 /\ER\{O}

is a contact diffeomorphism but not strict if X # 1.

10
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o Consider
T2 (xvya Z) - (yv -,z + ny)
We have p*(a) = d(z+xy)+yd(—x) = «, thus ¢ is a strict contact diffeomorphism.

Such ¢ is also called a Legendre transform.

Infinitesimally, assume a vector field X on M generates a one-parameter family of

contact diffeomorphisms. Then the infinitesimal form of preserving contact structure is
Lyxya=Ta
where £ x is the Lie derivative and 7 is a function on M. Equivalently,
LxaNa=0.
Such vector field X is called a contact vector field.
Example 1.11. Consider (R, a = dz + zdy).

o X| = % s a contact vector field generating the translation in z.

o Xo= ya% + z% is a contact vector field generating the rescaling transformation in

o« X3= ya% — xa% + %(x2 — yQ)% is a contact vector field.

1 1 1 1 1 1
Ly, =dix,atix,doa = d(—$2+§x2—§y2)+bx3dx/\dy = d(—§x2—§y2)+d(§x2+§y2) = 0.

Reeb vector field

Definition 1.12. There exists a unique vector field R, satisfying
1) tg,da =0
2) a(R,) =1

In fact, since da¢ is symplectic, condition 1) determines R, up to a constant, and con-

dition 2) fixes the normalization constant. R, is called the Reeb vector field.

Example 1.13. Consider (R*"*', o = dz+ Y | x;dy;). The Reeb vector field is

0
Ra—&.

Example 1.14. Consider S***1 C C"*' with contact form o = Mg+ where X =

n

> (z;dy; —y;dxj). The Reeb vector field is

7=0
= 0 0

Ro = (¥j5— —yj5—)
PR Or; gont

11
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Proposition 1.15. Let A be a function on M. Then
[/)\Ra()é =dA.
In particular, the Reeb vector field R, is a contact vector field.

Proof: Lyp, o = diyg, o + tar,do = dA. [l

Contact vector field v.s. Hamiltonian function
Let X be a contact vector field on M. It defines a function on M by
hX = Lx Q.

The contact condition £ xa = 7a becomes dhx +txda = Ta. Applying tg,, to both sides,
we find R,(hx) = 7. Thus
Ldeé = Ra(hx)Oé — dhX

Now we have the combined equations
Lxd@ = Ra(hx)Oé — dhX
Lxox = hX

The first equation determines X modulo a vector along R,, and the second equation

determines this ambiguity. Thus X is completely determined by hx.

Definition 1.16. Given a function h on M, the equations

txda = R, (h)a — dh
txa=h

determines a unique contact vector field X, called the contact vector field associated to

the Hamiltonian function h.

Remark 1.17. In symplectic geometry, a Hamiltonian vector field only determines Hamil-
tonian functions up to a constant shift. In contact geometry, the above construction
shows that there is a one-to-one correspondence between contact vector fields and Hamil-
tonian functions

X <— hy.

Example 1.18. Consider (R®,a = dz + zdy). Let h = Jz* + 1y? be the Hamiltonian
function. The corresponding contact vector field X satisfies
txdz N\ dy = —dh
txoe = h
0

which is solved by X = xa% _ yé% + %(yQ _ wz)al

12
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1.6 Contact Hamiltonian equations

Let (M, &) be a contact manifold with contact form a and Reeb vector field R,,. Let
f be a Hamiltonian function on M, whose contact vector field is denoted by X;. The
flow equations along the vector field Xy are called contact Hamiltonian equations.

To compare with the standard Hamiltonian equations in classical mechanics, let’s

consider

0

2n+1 _ i _
R, a—dz—i-Zpidq, Ra—g.

i=1
Let H = H(p,q, z) be the Hamiltonian function. The associated contact vector field Xy

solves

txy (O dp; AN dq') = (0,H)a — dH
i=1
Lx o0 =H

Let us write Xy = A?

a?;i + Bia% +C %. Then the above equations become

—Aldp; + Bydq' = (0.H)(dz + pdq") — dH

C + Aipi =H
which is solved by
. OH oOH oOH
api’ b 0q; P Op;
Thus the contact vector field associated to H is
o0H 0 0H. 0 0H 0
7 Op; 0g; T g’ )8]% * b Op; )82

The Contact Hamiltonian equations are read by

- __ OH
b= op,
. 9H , . 0H
bi = 8qi+p7'82
: oOH

Remark 1.19. When H = H(q, p) does not depend on z, the first two equations become

3 OH
4 = p;
. OH
pi = T3

which is the standard Hamilton’s equations. The last equation is solved by

t
which is the Hamilton’s principal function.

13
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We now consider the time evolution of the Hamiltonian function H itself. From the
contact Hamiltonian equations
dH OH OH 0OH

@ "ag Pop Tz
—8H8H+(_8H+ 8_H)8H+(H_ a_H)a_H
~ Op; Oq; oq; ' 92 ap, P op: 0z
oOH
=H— = H)H.
0z Ra( )

The Hamiltonian is not conserved if R,(H) # 0, in contrast to conservative system. From

Lx,a=R,(H)x
Lxyo0=H

we find
Lx,(aN(da)")=(n+1)R,(H)a A (da)".

In particular, the contact Hamiltonian flow does not preserve the volume form a A (da)™
(the analogue of Liouville’s Theorem does not hold here). When R,(H) < 0, this is a

dissipative system.

Example 1.20. Consider the contact Hamiltonian

2
D g
H=—+V(q)— —=
o T V(@) = —
where V(q) is the mechanical potential and v is a constant. The contact Hamiltonian

equations read

The first two equations give rise to

L oV
mq+~vq+ ——=0.
dq

For v > 0, this is the damped Newtonian equation with a friction force that depends

linearly on the velocity.

1.7 Jacobi bracket

In symplectic geometry, the algebraic structure on functions capturing dynamics is
the Poisson bracket. The analogue of Poisson bracket in contact geometry is Jacobi
bracket.

14
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Let X,Y be two contact vector fields. It is clear that their Lie bracket [ X, Y] is also
a contact vector field. Let C'Vect(M) denote the space of smooth contact vector fields
on M. Then (CVect(M),[-,]) forms a Lie algebra. Under the isomorphism

a: CVect(M) — C*(M)
we have induced a Lie bracket on C*°(M) by

{f,g} = U[X;,X,4)-C
This bracket {f, g} is called the Jacobi bracket. Using Cartan’s formula
UXp,X g1 Z[LXf7 LXg]Oé
=Lx,9 —tx,Lx,x
:Ldeg - LXg (Ra(f)&)
:LXf (Roz(g)a - LngO‘> - LXg (Ra(f)a)
= —ix;tx,da + fRo(g) — gRa(f).
Thus we find
{f7 g} = _LXfLngOé + fRa<g) - gRa(f)

In local Darboux coordinates with o = dz + ) x;dy;, we have
i=1

__Oof 0o of of 0 af 0
Xf—a—%a—yi-i- (Iig—a—?ﬁ)a—m‘f' <f_$za—ml>$

— 99 0 99 _ 99\ 0 — 99} 0
Xg = Gy + <xlaz 6yi> oo T (9 xlém) 0z

and

0f 09 _ 91 09 @—Ggmﬁ—i-fag—g@f.

Proposition 1.21. The contact Hamiltonian equations associated to H is expressed in

+ (9Zf:cl

Jacobi bracket by
f={H f}+ fR.H.

In particular, H = HR.H.
Proof: The contact Hamiltonian equations read
f :XH(f> = LXde
=txy (Ra(f)a — tx,da)
= —ixytx,da+ HR.(f)
={H, [} + fR.(H).

15
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Remark 1.22. The Lagrange bracket is defined by
(f,9) = Xs(9) = {f, 9} + gRa(f).

The contact Hamiltonian flow is expressed via Lagrange bracket by f = (H, f).
Proposition 1.23. The Jacobi bracket satisfies:

1) skew-symmetry: {f, g} = —{g, [}

2) Jacobi identity: {{f,g},h} +{{g,h}, f} +{{h, f},9} =0

3) {f.gh} ={f.g}h +g{f h} — gh{f, 1} and {f, 1} = —Ra(f).
Thus the Jacobi bracket has all the properties of the Poisson bracket but the Leibniz rule.

Proof: 1) and 2) follow from the Lie algebra structure of (CVect(M), [-,-]). We prove 3).

The contact vector field of the constant function 1 is X; = R,, and
{fa 1} = _LXfLRada + fRa(l) - Ra(f) = _Ra(f)‘

Using {f, g} = X(g9) — gRa(f), we have
{f,gh} =X;(gh) — ghR.(f)
=X;(9)h + gXy(h) — ghRu(f)
={f,9}h +g{f,h} + ghRu(f)
={f,9}h + g{f, h} — gh{f 1}.

16
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2.1 Entropy in statistical thermodynamics

Entropy is one of the most important concepts in modern Science. There exist several

different kinds of entropy which are closely related.

In 1865, Clausius introduced the notion of entropy in thermodynamics to make the

Second Law mathematically precise. For a reversible process,

_ @

d
5 T

where T' is the temperature and 0@ is the amount of heat transferred to the system. For

systems of uniform pressure and temperature without composition change, the energy

change by the transferred heat and the work done by the system

dU = 6Q — PdV.

Thus we find the fundamental relation for thermodynamic equilibrium

dU =T4dS — PdV.

For a general process (possibly irreversible): dS > %Q. For isolated system, the

Second Law of Thermodynamics takes the form

AS >0

and AS = 0 for reversible process. Thus the Clausius entropy is a macroscopic theory

and measures irreversibility.

In the 1870s, Boltzmann developped the statistical interpretation of entropy. The

Boltzmann entropy formula reads

S = kplogQ

17
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where 2 = number of microscopic configurations/states compatible with macroscopic
constraints. Here kp is the Boltzmann constant, kg = 1.380649 x 10723 joules/kelvin.
Consider gas in a container. The macroscopic parameters are volume V| pressure P,
and temperature T. A microstate consists of a description of the positions, momentums,
etc. of all particles. Boltzmann’s entropy describes the system such that all microscopic
configurations are equally likely, connecting the microscopic and the macroscopic views.
Boltzmann’s entropy describes a single macrostate. Gibbs reformulated statistical
mechanics in terms of ensembles of systems. The macroscopic state of a system is charac-
terized by a distribution on the microstates. Assume the system has a number of states,

each with a probability p; of being occupied. The Gibbs entropy formula is
S =—kp sz‘ log p;.

When all states have equal probability p; = é, Gibbs entropy formula goes back to

Boltzmann entropy formula. In the continuous case, Gibbs entropy is

S = —k:B/p(x) log p(z)dz

where p(x) is the probability density.

2.2 Shannon entropy and information

In the 1940s, Shannon established information theory and introduced his information
entropy of a random variable based on Boltzmann’s H-theorem. Given a probability

distribution > p; = 1 on a finite set X, the Shannon entropy is defined by
H(p) == pilogp:.
i€X

For a continuous distribution p(z),

H(p) = — / p(x) log p(z)da.

Shannon entropy matches Gibbs’ formula of entropy without the Boltzmann Con-
stant. The interpretation of Shannon entropy is that the information of an event of
probability p is

I(p) = —log(p).
Then the Shannon entropy H (p) = Z pil (p;) is the average amount of information for all

1
possible events. As Shannon shows, such information /(p) is uniquely determined (up to
a choice of base for the log) if we require appropriate continuity and the following natural

conditions:

18
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« Monotone decreasing:
p<q=1I(p)>1I(q), and I(1)=0.

This says less probable events have more information, and sure events do not contain

information.

o Additivity:
I(pq) = I(p) + 1(q).

This says for the combination of independent events, the total information is the

sum of their separate informations.

Proposition 2.1. Let p,q be two probability distributions. Then
AH(p) + (1 =NH(q) < HAp+ (1= A)g), for 0<A<1
This says that the Shannon entropy is a concave function of probability distributions.

Proof: Since —x log x is concave function on (0, +00), by Jensen’s inequality

AH(p) + (1= AN)H(q) = Z(—)\pi log pi — (1 — A)gilog ¢:)

i

<D =i+ (1= Vi) log(Aps + (1 = Ny)

i

= H(Ap+ (1 - X)g).

2.3 Relative entropy/Kullback-Leibler divergence

For two probability distributions p and ¢, there is a notion of relative entropy called
Kullback-Leibler (KL) divergence

Dir(pllg) =Y pilog =

When g is the uniform distribution (¢; = + where N is the cardinality of X),

Di1(pllg) = log N — H(p).
Proposition 2.2 (Gibbs’ inequality). The KL divergence is always nonnegative
Di1(pllg) = 0.
The equality holds if and only if p = q.

19
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Proof: Since log is a strict concave function, by Jensen’s inequality
4; d;
pilog— <log() pi—)=logl=0.

The equality holds when

a1 q2 qn
—=—=..=— = p=4q.

b1 P2 PN
Corollary 2.3. The maximum of Shannon entropy is
max H(p) = log N
p
where N = |X|.
Proof: Let g be the uniform distribution on X. Then 0 < Dy (p||lg) =log N — H(p). O

Thus if we do not have further constraint, the largest Shannon entropy is related to
the Boltzmann entropy. Another way to see this is to look at the optimization problem:
max H subject to ; = 1.

ax H(p)  subj dp

Introduce a Lagrangian multiplier and consider
H(p,A) = H(p) = A\>_pi — 1),

Then at the maximum, we have

OH (p, \
%:—logpz—l—)\:() Vi
Di
1
= p1:p2:---:pN:N-

2.4 Maximum Entropy Principle

The maximum entropy principle, as stated in 1957 by Jaynes, says that we should
choose the distribution that maximizes the Shannon entropy under a given set of con-
straints. This principle interpreted statistical mechanics as statistical inference, and links
it naturally with information theory. We have seen one example above: if there is no fur-
ther constraint besides Y p; = 1, then the maximal entropy principle selects the uniform
distribution and the Boltzmann entropy.

Suupose we have a function ¢ : X — R and impose a constraint that the average

(p) = Zpi%' =c

7

20
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is fixed by a constant ¢. To find the maximum Shannon entropy given such constraint,

we introduce two Lagrangian multipliers
H(p, A ) = H(p) = A _pi—1) — (D> _pipi — ©)

and consider solving

OH (p, A\, 1v)

= —logp; — 1 = A —up;, Vi
Op;

e HPi

— =T

The constant A is determined by the normalization condition ), p; = 1. Thus we find

ef;u'ﬂoi
Pi= S~ e
j

which is the Boltzmann distribution.
In thermodynamics, suppose ¢; = FE; is the energy of the state ¢. The thermal
equilibrium is achieved by maximizing the entropy subject to a constraint on its expected

energy
(E) = ZpiEZ- =c fixed.

In this case, the Boltzmann distribution reads

=
J

The constant [ is related to the temperature by

1

P T

Note that the maximum entropy is achieved by the relation
dH = MY p;— 1)+ Bd(>_piE; — c).
Inside the space of probability distributions (>, p; = 1 holds), this relation simplifies
dH = pd(FE).

In terms of the Gibbs entropy S = kgH, this gives precisely the Clausius’ relation

1
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2.5 Partition function

Let us consider the thermal equilibrium that maximizes entropy S subject to the
constraint (£) = ¢. We will unify notations and write the Boltzmann distribution as
—BE()
e
p(x) = f

5 e*ﬁE(m) dx ’

When X is discrete, we use a discrete measure. The normalization factor

Z(B) :/xeﬁE(I)dx

is called the partition function.
Amazingly, the partition function knows everything about the thermal system. For

example, the expected energy is

B fer*/Bde 0

The Gibbs entropy is
S =- kB/p(:z:) log p(z)dz
x
=— = [ e PP@[_BE(z) — log Z]dx
Z Jx
=kp(log Z + B(E))
=kp(log Z — ﬁ%logZ).

This formula resembles that for a Legendre transform.

In fact, we define the free energy

1
F=——logZ.
5
The above calculation can be expressed via free energy and expected energy by
Fo(E)
S=—=+—.
T * T
Now
F=(FE)-TS

represents the Legendre transform from S to T

2.6 Fisher information metric

Let D be the space of probability distributions on X

P={p:X—[0.1]> p=1}

i€X

22
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We can view P as embedded in SV by the equation
S (W2 =1
i€X

This induces a metric on P by

dpidp;
ds3 = z:ﬁx(d\/ﬁ)2 = Z p- = Zpidlogpz‘dlogpi.

()

Suppose we consider some statistical ensembles inside P parametrized by a finite
number of parameters © = {6y, 6,, ...,0,} and write p(z|f) (x € X) for the corresponding
probability density. Then ds3 leads to the Fisher information metric on the parameter

space

B dlogp(x|0) dlogp(x|0) ,  /Ologp(x|f) dlogp(x|0)
Gas(6) = /xp(m\e) 0., 00, T a0, 90, ‘

Equivalently, using [ p(z]0)dz = 1,

_ [ oplo) 1 Op(al9)
Joi 000 p(x]0) 005

X

_ 0 op(z|6) _/ o2
= 30 {/X 20, dx Xp(w|€)89aaeﬁ log p(z|0)dx

82
- _ ]
/Xp<x|9)aeaaeﬁ og p(x|0)dx

_ 0?logp(z]0)
96,00, )

dx

Example 2.4. Consider the Boltzmann/Gibbs distribution.

plald) = e "

We have

%logp(ﬂﬁ) = —F(z) — %logZ(ﬁ) = —(E(z) — (E)).

Thus the Fisher metric

958 = ((E(x) — (E))?) = Var(E)
gives the variance of the energy fluctuation.

The Fisher metric is closely related to the entropy. Let 6y be a chosen point in the

parameter space and let € be close to 6

0 =0, + A0,
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where A6 is small. Consider the relative entropy Dy (p(6o)||p(f)) which achieves mini-

mum at # = 6. Its Hessian matrix at 6 = 6, is computed by

%a%pmp(eo)upw))

- J 0 p(6o)

62
=— /xp(eo) mlogp(e)

= gjk(eo)-

0=069

dz

0=069

dx

0=0o

The positivity of g;(6o) is related to the positivity of Hessian matrix at minimum. Thus

locally .
Drr(p(9)llp(0)) = 5 > gik(00) A0; A6 + O(A6°).
i,k

Exponential Family

Consider the canonical ensemble arising from maximizing Shannon entropy under
the constraints
(palx)) =const, a=1,...,M.
Here ¢, (z)’s are statistical quantities whose expectations are fixed. By the same argu-
ment as before, the ensembles are given by

— > 0% ()
plzld)=e = "7 /7(0),

where
0% (x
Z(@):/e % S0()0lac
X

is the partition function. Such probability distributions are called an exponential family.
Let
F(6) = —1log Z(0)

be the free energy. Then
p(a]f) = e~ 5= O)

and 0 log p(x(0) OF
O, x
O = —0a(®) + g = —¢a(2) + ().

00«
Thus the Fisher metric

9ap(0) = ((PalT) = (Pa))(ps(x) = (¥p))) = Cov(pa, pp)

represents the covariance matrix.
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On the other hand,
d*logp(zld)  O*F

002908 9029HB’
thus the Fisher metric can be also written as

B O*F
9o8 = " 990067
The positivity of g,s implies that F'is a concave function of 6.

The Shannon entropy is

H(n) = —(logp(z|0)) = 6"na — F(0)

UO& Sﬁa Qa‘

This represents the Legendre transform of F. In particular, H(n) is also a concave

function. Since

_OF
na - 80a7
the Jacobian of the coordinate transformation 6 — 7 is

on 2

— = V7F(0).

50 (6)

Dually, the Jacobian of the coordinate transformation n — 6 is

00

— =V’H

an (n)

It follows that V2F = (V2H)™'. Hence the Fisher metric can be also expressed in the

dual coordinates 7, by

g = —(V?F)a3dd*dd’ = do“dn, = —(V?H)* dn,dng.

2.7 Examples
Classical ideal gas

We consider N particles in a container of volume V. Let (§;, p;) represent the i-th
particle in the phase space and H({, p) denote the classical Hamiltonian. In the canonical

ensemble, the probability density on the phase space is

p(q.p) o< e PHEPD @3N g @B,

We consider the ideal gas ignoring all interactions. The Hamiltonian is

N =

o b;
H = L
(7.7) — 2m
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Since d®qd?p has the unit of h3, where h is Planck’s constant, the appropriate volume
form on the phase space is
d3N q d3N P
3N
We assume the gas consists of indistinguishable particles and this will introduce an

additional % factor. Then the partition function is

1 srgn @ qd*p 1 = sz:% 3N, 3N
Z(V,T):m e AN = NN | € =" Y qd Y p.

The integral [ d*¥q = V" computes the volume. On the other hand, for each i,

_ B2 s 8 2rm | ¥/
e mPid’p; = 4 e P pidp = | —— )
0 g
Thus the partition function becomes
v 2rm\*?
Bh?
We obtain the Helmholtz free energy
1 N vV R2B\Y?\ 1
FV,T)=—=logZ(V,T) = ——1 — —log N! .
(V.T) = ~310g Z(V.T) Bog(N(%m) +Llon

When N — 400, we can approximate N! using Stirling’s formula

N\
N! = <—) V2t N

(&

N

1
ZV,T) = 75

which leads to log N! &~ Nlog N — N. Thus for N is sufficient large,

N V[ h28\? 1% R\
B B [log (N (27rm) -1 log N (27kaBT) —H-

Using the fundamental relation
dF = —=SdT — PdV

= —NkgT

we can derive
P = = =
ov Vv
which gives the classical result for ideal gas

PV = NEkgT.

The entropy is given by

_OF V (2rmkpT\**\ 5
S__a_T_NkB[log<N<T> T3
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and the (expected) energy is

0 3
=——logZ=F+T5 = -NkgT.
U a5 og + TS 5 Vks

Let us compute the corresponding Ruppeneir metric (see Section 1.4). The entropy

S =8(U,V) is viewed as a function of U, V. We have

S = Nkp {logV + glogU} + const

3Nk Nk
—  gov=-0}S = éU—QB, gvy = =038 = V—QB> guv =0.
Thus the Ruppeneir metric is
3 Nkp Nkg
2 2 2
ds—§U2dU—i—V2dV

and its curvature = 0.

Van der Waals gas

The ideal gas model ignores the size of each particle and interactions between them.
We can improve the result by approximating the above effects. First, we assume each
particle has a finite minimum volume b. Then the effective volume of the system is
V' — Nb. Second, we assume each particle experiences a net attractive force to all other
particles. Based upon a mean field approximation, the energy associated to each particle
can be linearly approximated by € = —a%. The partition function is improved to

ZL{V—Nb]NeﬁNE
NI a8

where A\ = \/Qhﬁ = 1/% is also called the thermal de Broglie wave length. The
T™m TMKB
Helmholtz free energy becomes

1 Stirling N/\3 N2
F=——logZ =~ NkgT |l -1 —a—.
3% B {Og<V—bN) } “v

The pressure is now improved to be

p_ OF _ NksT  N*
T Tav o voN Y

i.e.

N2
(P + aw) (V. —bN) = NkpT.

This is the Van der Waals equation of state.
We can plot the isotherms for van der Waals gas in the P-V diagram.
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van der Waals isotherms

T T T T
2 [
| T increases
o 1.5}
8 |
]
2 10
o
. |
0.5
0

volume V

There are parts where the stability condition g—‘lj < 0 is violated. This indicates phase

transition:
the locus : W 0 (called the spinodal curve)
is the boundary separating different phases. The critical point appears at
oP o0*P
— =0, —= =0.
ov ToV2
From the Van der Waals equation,
0P NEkgT N?
1% (V —bN)? V3
0*P 2NkgT N?
= — o0a——
ov: (V. —-bN)3 V4
Solving g—{; = % = 0, we find the critical point at

8a a

V,=3bN, T.=—\ P =——.
27bk 2702

Let’s compute the Ruppeneir metric. We have the entropy

V—-bN 5 h?
N3 2

S:N]{?B |:10g—+— Where )\: W

and the energy

3 N?
U= éNkBT—CLV

Thus we can solve the relation S = S(U,V)

N2
S = Nkg |log(V —bN) + glog <U+ GV)} + const
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from which we can read off the metric

(R) _825 B 3Nkp
U= T9uz T (U + aNZJV)?

(R) B 825 _ 3NI€B CLN2
v = T9uav T T 2(U + aN2Z/V )2 V2

(R) _825 . NI{ZB . ?)N/{ZB 2CLN2 _ CL2N4
W= T2 T (W obNE 2 | V3(U +aN2JV) VAU + aN2/V)2

Let us compute the determinant

det(g") = g{D gl — (9{0)

uu g’l}’l}
B 3(Nkp)? 1 3aN?
~ 2(U+aN2/V)2 | (V —Nb2  (U+aN2/V)V3
2 1 2aN
~ 372 |[(V — Nb)?2  kgTV3
We find op
detg® =0 «—= —| =0
I av |,
i.e. at the spinodal curve. The curvature becomes oo.
Joule Effect
Consider the free expansion of gas
Gas Vacuum

* | Valve

Final state (valve open, gas expanded)

from a smaller volume V; to a larger volume V5. Since the gas expands freely, there is no

work done AW = 0. For insulated chambers, there is no heat transfer AQ) = 0. Thus

AU =0
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during the process.

For ideal gas, AU = 0 implies that the initial and final equilibrium state has the
same temperature. This is not quite true since we expect the free expansion will cool
the gas. Let us instead consider Van der Waals gas. AU = 0 implies that the only effect
during free expansion is a transfer of energy between the potential energy and kinetic

energy of the particles. On the other hand, the entropy will increase. For Van der Waals

— bN

3 N2
= F+ T8 =Nkl — a—.
U + S 5 B CLV

gas, the entropy is
and the energy is

Thus the initial temperature 7} and final temperature 75 are related by

3 N2 3 N?
—NkpTy —a— = =NkgT, —a—
9 Bi1 —Q Vi 5 Bi2 —a v
2aN | 1 1
— DLh-Ti=—|———]|.
2T Bk [vz vl]
In particular, expansion in volume will cool the gas as expected. This formula gives the
right qualitative physics of the Joule effect, but only moderate quantitative accuracy —

good at low-moderate densities, poor near criticality or at high pressures.

Classical solid

Solids can be modelled by an ordered array of atoms on a lattice site. As a first
approximation, we can introduce a quadratic potential to trap the atom such that each

atom is described by a 3d harmonic oscillator with Hamiltonian

—) 2
- D mw
H(F@)Z%JF 5 7.

The probability density in the canonical ensemble is

p(7,7) o< e PHER G3N g3 N,

Since these N atoms sit at different places and should be viewed as distinguishable

objects. Thus the partition function is
N o/ 52 2
-8 %4_%6‘? d3N dSN
Z:/e i:1(2 ? )%:(Zl)N
where Z; is the partition function for a single atom

A /e_ﬁ(g’iyn;zqﬂ) d?’zglgp

B 1 2mm\ >/ 2m 3/2 B o \*
R () (

30




2 ENTROPY AND PARTITION FUNCTION Si Li

271' 3N
7= (m) |

Therefore

The Helmholtz free energy is

1 3N 2m 3N Bwh
F=——logZ=——1og— = —log—.
e B CBwh B om
The energy is
0 3N
88 0og 3 B
The entropy is
1 27T]{?BT
The quantity
ou
= —| =3Nk
Cyv oT |, 3Nkp

is called the heat capacity. This formula of C'y, gives the correct high temperature result
but not the correct low temperature result. At low temperature, we need quantum

mechanical correction.

Quantum ideal gas

We consider ideal gas of N quantum particles. Assume we have quantum states of

energies €, €1, . . ., for each particle. Then the partition function can be written as

B<§ njfj)
ZN = E C(N;ng,nq,...)e \=°
n; >0

oo
> nj=N
j=0

Here the summation means there are n; particles in the energy state €;. The combinatorial

coefficient C'(N;ng,nq,...) is a statistical factor. For distinguishable particles,

N!
Cuis(N;ng,ny, ... Nag) = ———

.
1 n!
=0

There are three typical statistics for indistinguishable particles that play important roles

in statistical mechanics.

1. Maxwell-Boltzmann

_Cdis<N;n0,’n,1,...) . 1

CMB(N;no,nl, .. )

n;=0,1,2,...
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2. Bose-Einstein
Cpe(N;ng,ng,...) =1
n; =0,1,2,...
3. Fermi-Dirac
Crp(N;ng,ny,...) =1
n; =0,1

In Bose-Einstein and Fermi-Dirac, each different configuration of occupation num-

bers {n;} corresponds to one possible state. For Bose-Einstein, n; can be arbitrary

nonnegative integer; for Fermi-Dirac, n; = 0 or 1 according to Pauli’s principle. At high

temperature, we expect all the occupation numbers to be n; < N (so approximately

n; = 0 or 1), and the above three statistics become equivalent at high temperature. At

low temperature, they have completely different behavior. We can also consider the grand

partition function

83
Z(V, T, p) = ZZNeB“N ZC(an;no,nl,...>e i=0
n; >0
Here p is called the chemical potential.
For Maxwell-Boltzmann gas, the grand partition is
Zys(V, T, ) = Hexp Blei= “)
and the grand free energy is
1
FMB:——IOgZ——— —Blei— ,u‘
3 Z
For Bose-Einstein gas, the grand partition is
A 1
Brjei—n) | —
ZBE(VT’M H Ze Y _Hl_e Blej—p)
Jj=0 \n;= j=0
and the grand free energy is
FMB———logZ— log(1 — e Alei=n
i3S, )
For Fermi-Dirac gas, the grand partition is
2ep(V, T, p) = H Z e Brile—n | — H(l + e—ﬁ(erﬂ))
j=0 \n,;=0,1 5=0
and the grand free energy is
1 1 &
Fep=—=1logZ=—=Y log(l+ e Ala=m),
R |
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3 The Thermodynamic Limit

Contents
3.1 Phase transitions . . . . . ... 33
3.2  Thermodynamic limit of lattice spin systems . . . . . . . ... ... ... 37
3.3 Thermodynamic limit of continuous particle systems . . . . . . ... .. 41

3.1 Phase transitions

Phase transitions describe situations in which the physics properties of a macro-
scopic system undergo a qualitative change as external parameters—such as tempera-
ture, pressure, or magnetic field—are varied. Such behavior is among the most striking
manifestations of collective behavior in many-body systems.

One such example is a simple fluid whose phase diagram is shown below. As the

temperature and pressure are varied, water can exist as a solid, a liquid or a gas.

Pz\
Liquid
Solid
P » C' = Critical point
. Gas
T, T

Such three stable phases are separated by phase boundaries when two phases coexist.
When crossing the coexistence curve by changing the pressure or temperature, there is
a jump in the density and a latent heat of the state. This is a typical "first-order phase
transition”.

As the temperature increases, the curve of liquid-gas coexistence will end at the
critical point C' where the distinction between liquid and gas, such as the density, becomes
zero. At a temperature above T,., one can pass from the liquid state to the gas state
without any discontinuity. The critical point is a typical "second-order phase transition”.

The corresponding isotherms in the P — V' diagram is shown below.
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\

1st order transition

P

v

Another typical example of phase transition is the ferromagnetic system. A ferro-
magnetic material (such as iron) consists of microscopic magnetic moments (spins) that
tend to align with each other due to interactions. It can be described by a residual
magnetization that remains when an external magnetizing field H is reduced to zero.

Formally, let M (T, H) denote the equilibrium magnetization in the external magnetic
field H at temperature 7. Then the spontaneous magnetization can be described by

Mo(T) = lim M(T, H)

H—0+

Mo(T) 4

T. T

At low temperature, the spontaneous magnetization My(T') # 0 which characterizes
a ferromagnetic system. As the temperature is increased, My(T') decreases and finally
vanishes at a critical temperature 7, known as the Curie temperature. When 7' > T,
thermal fluctuation dominates and My(7T") = 0.

Note that if we change the sign of the field H, the sign of My(T") changes. Thus the

phase diagram for a ferromagnetic can be shown as below.
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H

The boundary curve for phase transition looks very like the coexistence curve of
liquid-gas. If we plot the isotherms in the M — H plane, this picture is again similar to

the liquid-gas. This is not a coincidence as we shall see.

M

//-/—T<TC
/—_’iTc

i

As we have discussed, various macroscopic physical quantities can be expressed by

Z = Ze_’BE

and its derivatives. Usually E will be an analytic function of parameters in the model.

the partition function

Thus e #F will be analytic.

Q: How can derivatives of Z exhibit discontinuity as in the phase transition phenomena?

If Z is a finite sum, this is impossible since a finite sum of analytic functions will

still be an analytic function. However, we are dealing with a huge number of particles

35



3 THE THERMODYNAMIC LIMIT Si Li

like 10?3 many. We can treat the partition function as a suitable limit and ¥ becomes an

infinite sum. Mathematically, for an infinite sum,
d d
DRI
derivative may not commute with the sum. Thus it is possible for Z or its derivatives to
display discontinuity in parameters in the limit behavior.
What kind of limit shall we take? The physical considerations justify the so-called
thermodynamic limit. Consider a sequence of finite systems indexed by a region A C

R™. Let N = N(A) denote the number of particles inside A. Then the thermodynamic

limit is defined formally as:
e V — oo (volume goes to infinity)
e N — o0
N(A)

 the density TAL =P is fixed.

The free energy per particle is defined by

F 1
N)=—=——logZ
It will be also convenient to consider
F 1
VN))=—==——1log/ =
g(ﬁ? 9 ) V V6 Og pf

which can be viewed as the free energy density. Before we analyze the existence problem

of thermodynamic limit of f (or ¢g) and its properties, let us look at some simple examples.

Example 3.1 (classical ideal gas). The partition function is

gy L[V]T_NNT VY
CONDIM] NI | N3

1 Vv 1 NN
NlogZ = log (N_)\?’) + Nlog N

In the thermodynamic limit, using Stirling’s formula

. 1 3
- _r 3y _

w
(=}
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Example 3.2 (Van der Waals gas). The partition function is

1 [v=nNb]Y _ N

i I
and 1 V — Nb N 1. NV
—logZ = log ——— — 4 —log—.
N 8 8 e Ty Fle gy

In the thermodynamic limit

1 3
lim f=- (1og p—f\—b — 1) —ap

V,N—o0 15}

Example 3.3. We consider a simple mathematical example to illustrate how discontinuity

can appear in the thermodynamic limit. Consider the following partition function

(I+y™(1—yY)

Zn(y) = 1—y

where y is the parameter of the model. It is clear that Zy(y) is analytic in y. Consider

log(1+ y) ify<1

. 1
gly) = lim —log Zy(y) =
log(1+y)+logy ify>1

N—oo

g(y) is continuous but

o ) ify<1
yayg(y)—

LTl dfy>1

displays a jump at y = 1 which can be viewed as a first-order phase transition. As we

will see, this is a special case of Lee-Yang theory.

3.2 Thermodynamic limit of lattice spin systems

Consider the d-dim lattice Z¢. Let S be a finite set (e.g. S = {£1}) representing
the configuration at each site of the lattice. For each finite region A C Z¢, we denote

Qp = S for all configurations on A. We use |A| for the number of sites inside A.
I 7
P, =T

Ly
rhr
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For any A, we associate a Hamiltonian function
H A - Q A 7 R.

We assume H, has the form

Hy(o) =) ®(X,0x)

XCA

where ® represents the interaction. For example, if (X ) is only non-zero for | X| = 2,

then this represents a pair-wise interaction. The partition function on A is defined by

Ty = Z e~ BHA(o)

lZS YN

and we denote the following free energy density

ga(B) = ﬁ log Zy.
We make two assumptions on the interactions:
(A) Translation invariance:
O(X +y,0¥) =d(X,0),
Here 0@ (z +y) = o(x), Vr € X.

(B) Finite range: 3R > 0 such that

vy € Z°.

O(X)=0 if diam(X) > R.

Here diam(X) is the diameter of X.

This finite range condition can be relaxed by decay properties of ®(X) when diam(X) —

oco. We will focus on finite range situations to simplify the discussion and illustrate the

main idea.

Definition 3.4. We write A,, * Z? for an increasing sequence Ay C Ay C--- C A, C ...
of finite regions such that |J A, = Z%. A sequence A, ~ Z< is called a Van Hove

n=1
Sequence if
|OA,|

A

—0

where 0A,, is the boundary of A,,.

Example 3.5. The sequence of standard cubes
Qn=[-n,n]*NZ?
is a Van Hove Sequence.
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Theorem 3.6. Assume ® is translation invariant and finite range. Let A, be a Van

Hove Sequence. Then P(f) = lim - log Zx, ewists and is independent of the shape of

n—o00 |A”‘
A,.

Proof: Since ® is translation invariant and finite range:
Co :=sup |P(z,0,)| < 00
T,04

Np := #{X > 0 such that &(X) # 0} < 00

Step 1: Stability and Boundedness

For any finite region A,

[Ha(o)] = | D> (X, 0x)[ <) D |®(X, 0x)| < CoNglA|.
XCA yeA Xy
Thus
In = Z e~ PHA) < Z eBCONRIAl _ ‘S||A|€ﬁCoNR\A|'
oEQN LIS UN
Similarly,

I\ > ‘S||A|6_IBCONR|A"
It follows that P, is uniformly bounded:
—BCoNg +log|S| < Py < BcgNg + log S|

= ‘PA‘SC&

for some constant C independent of A.

Step 2: Almost additivity

Let 1,3, C Z¢ be disjoint and ¥ = 3; U ¥y. We can decompose the Hamiltonian
as
HE(U) = HEI(O') -+ HZQ(O') + H,mt(O')

where

Hi(o) = Y ®(X,0x)
XN #£0

XDy A0
XCcxX

represents terms that intersect both >, and X,.

g x

o - -

X1 ) ‘?).222
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Here for nonzero ®(X) in H;,, Jy1 € X N Xq,y2 € X N3y such that dist(yy,y2) < R.
Define
0, X ={z € ¥ | dist(x, %) < a}.

Then y, € 0r¥y and y; € Ords. We have the estimate

Hi(0)] < Y D |®(X,0x)| < |0r51|NrCo < C(R, d)|0S1| NrCo

YyEORY1 X3y

where C(R,d) is a constant depending on R and d. Thus there exists a constant C
independent of ¥ such that
B Hine| < C2|0%,].

SO
6_02‘82”221 ZEQ S ZZ < €CQI821|Z§)1 ZEQ-

We derive the following almost additivity property:

|log Zs, — log Zs,, — log Zs,,| < Cy]0%].

Step 3: Tiling Estimate

Let Q,, = [=m,m]?¢ N Z¢ be the Van Hove sequence of standard cubes. We fix m

and consider a tiling of A,, by @, for n large enough.

An

Qm"’mi

B

We can find disjoint translates Q,, +x1, Q@+ 2, ..., Qm+xr C A, and a remainder
set B C A,, such that

k
A =J@n+2)UB
=1
B < C(m)[0A,|

where C'(m) ~ diam(Q,,). By the almost additivity and translation invariance:

k
log Zy, = Z log Zg,, 4o, +1og Zp + Epm

=1

=klogZg,, +logZp + Epm
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where the error term

OQm
0Qu]

€| < Cok|0Qm| + C(m)|0AL] < Ca|Ay| o C(m)|OA,].
Divide log Zy, by |A,|, we find
k| Q| | B| Enm | B| Enm
Py = Py, + Py + 220 = py 4 I (Py - Py )4
BT T R T W R W L R T

Take limsup and use the boundedness of P and the Van Hove property:

n

0Qm
limsup Py, < Py, +02||C§2 ||

which holds for any fixed m. Now we take lim inf and use the Van Hove property of ),,

= limsup Py, <liminf Py, .
m

n

Similarly, if we take lim inf first

|0Qm]
| Q]

hmlanAn Z PQm - CQ

and then take lim sup, we get

liminf Py, > limsup Fy,,.
It follows that lim Py, lim Py, exist and
lim Py, = lim Py, ,.

The equality lim,, Py, = lim,, Pg,, implies that the thermodynamic limit is independent

of the shape of the chosen Van Hove sequence. ]

Remark 3.7. The finite range condition can be relaxed to the absolutely summable con-
dition:
Z sup|<I>XaX)|<oo

X90

The proof is similar. See [39].

3.3 Thermodynamic limit of continuous particle systems

We consider a classical continuous system of N particles in a finite region Q C R?

with Hamiltonian

N =2
P; - o . -
Hy :ZZm + W(Z, X, ..., TN) 7; € RY.
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The partition function reads

1 s
ZN(B,Q)) = —/ e PN dzdp

1 2 dp ™ DR
S B = —BU(Z1,Z2,..., ZN)
=N {/Rde hd} /QNdxl. dZ ye 18250 TN
1
N
where A = <62im>2 and
Yy = — [ di...dEye UGS
N Nl on 1. N .
Let |€2| denote the volume of Q and
N
P= 101
€]

be the particle density to be fixed in the thermodynamic limit. Let

1 1
9(8,p,Q) = @ngN = WIOgYN — pdlog A

and we are interested in the existence of its thermodynamic limit

?

1
,p) = lim —log Zn(5,9).
9(B, p) am iy os ~(B,Q)
N=p|Q|

We follow the strategy as discussed in Fisher [13] and Ruelle [39].

Definition 3.8. We say the potential U is stable if there exists B > 0 such that

W(Zy, 7y, ..., %n) > —BN VN.
We will give a class of stable pair interaction in Example 3.15 below.

Proposition 3.9. Assume U is stable. Then

9(8,p,) < p(1+ BB —log(pX))
is bounded from above.

Proof: For stable U,
2

N ePBN VN.

Yy <

Using log N! > Nlog N — N, we find

1
g9(B,p,Q) < o] [BBN + Nlog |Q| — Nlog N + N] — pdlog A

|
p|l+ BB — log(p)\d)] .
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Definition 3.10. Let ®y, y, denote the following mutual potential

— N 11
Py N (T, Ty T, Tyy)
= = =1 =1 = =/ = =
=Uny 43, (T, - Ty, T, T,) — Ung (7, 2y) — Ung (27, -+, 2y, )-

We say U is tempered if 3¢ > 0, Ry > 0, A > 0 such that
Dy oy (T4, Dy Ty B,) < NiNpAr= e
whenever |7} — 77| >r > Ry foralli=1,...,N;,j=1,..., Na.

Example 3.11. Assume the potential consists of pair interaction

1<i<j<N
Then the mutual potential is
- = = b/ _ § =/ —
@leNQ(xl,...,:I:N17x17...,$N2)— QS(:L‘_]—:E’L)
1<i<N;
1<5<N,

If the pair interaction ¢ has the property

. A L
qb(l') < |f|d+5 for |ZE| > R07

then U is tempered. In such case the tail

M@MﬁA/ 1 ot

\E|>r iz |T]9TE

which says the positive part of the interaction energy at large distance is negligible.

Proposition 3.12. Assume U is tempered. Let Q', Q" C Q be two disjoint subdomains
of Q separated by a distance R > Ry. Then

ZN,‘FN”(Q) Z ZN’<Q,)ZNN(Q,/)Q_N/N”BA/RdJFE‘
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Proof: We can split the integral in Zx(€2)
)\—dN . .
ZN(Q> = / dfl ce die_Bu(“”l """ ZN)
N U Jaon
dzy ... dZ¥ / dzy ... dz,
zw; N /'N " / (@) M "
o~ BU@ 1) o= BUE @) o= BO N 1 (BT T )
Z ZN,(Q/)ZN”(Q//)e—ﬁN/N//A/RoHs‘
]
We will assume U is stable and tempered. Proposition 3.12 implies
Q/ Q// N/Nl/
016,09 2 Sela(0,01,90) + [eo(6. ) - oA
where
N N/ N//

/ /!

T S T f T e

(DD

In general, suppose we have disjoint subdomains

QUQRU---UQ, CQ

which are separated from each other by a distance R > Ry. Assume 2; contains IV;

particles and p; = N;/|€2;|. Let

pP= szﬂz‘ w; = ||Q|’

By successively applying Proposition 3.12,

67;07 > szg 5 pza |Q|Rd+€ ZN i+1 + -

BAN?
> Zwig(ﬁ,m, ) — QR
=1

we obtain

€]
Rd+e :

g(ﬂapa Q) Z Zwlg(/87pl791> - BApZ
=1
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Thermodynamic limit for standard cubes

Let @ be a cube of length
Iy = 21,

Let I'y, be a cube of length I, — 2h; where

1
hy. = (20)"hy, 5 <0<l

Qk

Fk

— ly —

Now Q41 contains 2¢ many Q;’s and we place I';, inside 'y, as pictured

| V.

—Tk—

N1

Such I'y’s are separated by a distance

T = (lne1r — 2hpsy) — 2(1, — 2hy,) = 287208 (1 — ) hy.

We choose hg large enough such that rp, > Ry for all £ > 0.

We place a particle density p' inside 297! T'y’s and p” inside 2971 I'y’s inside I'j ;.

Applying the above inequality ({), we obtain

g(ﬁ? P, Fk-i—l) 2

| —

45
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Here

p — lpl _|_ lp//
2 2
and ;
Cort = Craal (2"l — 6%ho)) < I (2lp)?
B+l = rite (25208 (1 — B) o)™ — \ 2509+ ) (4(1 — O)ho)o+e
We will choose 3 < 6 < 1 such that 2794t = (26)°¢? > 1. This implies

Z &k < +00.
k=1

To prove the existence of thermodynamic limit, we set p/ = p” = p to get

g(ﬁ»ﬂ» Fk-l—l) Z g(/Bapa Fk) - BAp2§k+1-

This implies that the sequence

k
e = 9(B,p,Tk) + BAP D &
i=1
is monotonic increasing. By Proposition 3.9, y; is bounded from above, so the limit

lim vy, exists.
k—o0

Hence the thermodynamic limit

k
9(B.p) = lim g(B,p,T) = lim gy — BAG* Y &,

i=1

exists. Moreover, by taking the limit £ — oo of the relation

1 1
9(67 P Fk—i—l) Z 59(57 p/a Fk) + 59(67 p//v Fk) - BAP2§]€+1

we obtain '
9(B,p") + 59(5, P")

N | —

g(B,p) >

which says that g(f3, p) is concave in p.

To show the existence of thermodynamic limit of general Van Hove sequences and
independence of the shape of the domains, we can perform a similar tiling argument as
in the lattice case. We refer to Fisher [13] and Ruelle [39] for details.

Proposition 3.13. The thermodynamic limit g(3, p) has the following properties:

(1) g is a continuous concave function in p in a defining domain 0 < p < pmaz (Pmaz
could be +00). In particular, the left and right derivatives

_ . glptd)—glp) . glp+o)—glp)
% 9= 51—1}(1)1— ) 9= 51—1>%1+ )

are finite and exist everywhere, and 9, g > (939. The equality holds almost every-

where.
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(2) The free energy per particle

F(B.p) = = lin 575108 Z = —a(B. )

s a non-decreasing function in p.

Proof: (1) g is concave, hence continuous in the interior of its defining domain. We

compute its limit at p = 0. Since

k
e = 9(8,p, Th) + BAP* Y &
i=1
is non-decreasing,

9(B,p) = g(B,p,T) + BAP* Y &

i=k+1
This implies

liminfg(8, p) > 0.
p—0
On the other hand, the upper bound from stability

9(B,p) < p(1+ BB —log(pA?))
implies

limsup g(8, p) < 0.

p—0
It follows that

lim (3, p) = 0.

p—0
(2) By concavity, for any 0 < A <1

g(B,Ap) = (1= XN)g(B3,0) + Ag(B, p) = Ag(B, p)
= f(B, ) < f(B,p)

Remark 3.14. Let v = % denote the specific volume. Then the pressure

p:_ﬂ_zﬁ(1>:l<_ @)
gop\p?) “ B\ "o

thus

p 2
aa_p = _%g—pg >0 by concavity
Le. op
— <0.
ov —

So the pressure is non-increasing in v. The isotherm in the P — V' diagram looks like
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st

Example 3.15. A potential function ¢(T) satisfying
o(7) = +o0 if 7] <o

is called a hard core potential. This condition says that particles are not allowed to

approach each other within a distance of ro. We further assume

o(Z) = —f(|Z])  for |Z] = ro
where

o f(r) >0 and decreasing

o f(r) satisfies
+oo
f(r)yr*tdr < 4o0.

T0

We show that a pair hard core interaction satisfying the above condition is stable.

In fact,

(T, By, ..., Bn) = Y (& — T;) = %Z (Z¢(@- —:@)) .

1<j 1=1 J#

We can assume |Z; — Z;| > 1o for all ¢ # j. Then

oL 1
(T, Do,y ..., TN) > —3 ;f |7 — Z4)).
jF#

=1
Thus it suffices to prove

sup Y f(|F; — T|) < 2B.
‘ij_fi|27'0 J?ﬁl

Let us fix a particle z; = 0 and consider

Let 6 > 0 and we consider the shell
:{fE]Rd | ko < |¥] < (k+1)d}.
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Because of hard core, each particle Z; occupies a volume vg ~ rg. Thus the number
of Z,’s inside the shell A is bounded by
Vol(A k+1)% — kd)5d

S 02 k}d_l 5d
for some constant Cy depending on d and ry. By the decreasing property of f(r)

D F(E = Tl) < f(RO)H#{T; € A} < Cok™ 6% f (kD).

fj EAL
Summing up all shells Ay,

+oo
S<Cy Y fko)k < C fr)yrd=tdr

o To
k>

as required for stability.
Now we impose a third condition

S A L
o(7) < FEE for |Z] > Ry

for some Ry > rg, € > 0, A > 0. By Example 3.11, this condition implies that the

potential

(T, B, ..., En) = O — 7))

i<j
is tempered. Thus, for such pair potential ¢, the thermodynamic limit g(3, p) exists.
Note that the hard core condition implies that the defining domain of ¢g(3, p) is

O§p<pmax

for some pp. < 400 in this case.
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4 The Ising Model
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4.1  The one-dimensional Ising model . . . . . . . . . ... ... ... ... 50
4.2 Transfer matrix . . . . . ... 51
4.3 Magnetization . . . . . ..o 52
4.4  Correlation functions . . . . . . . ..o oo 53
4.5  The two-dimensional Ising model . . . . . . . . . .. ... .. ... ... Y
4.6 Kramers-Wannier duality . . . . ... .. ... o000 58
4.7 Onsager’s exact free energy . . . . . . ... 62
4.8 Spontaneous magnetization . . . . ... ... ... 71
4.9 Peierls estimate . . . . ... L 80
4.10 Lee-Yang circle theorem . . . . . . . ... .. .. ... L. 86

The Ising model is one of the simplest interacting systems in equilibrium statistical

mechanics. Let A C Z? be a finite region. For each site i € A, one places a spin
o; € {—I—l, —1}

The Hamiltonian is
Hy(o)=—J 0i0; —hZa,;
)

(i.j ieA
where (7, j) denote nearest-neighbor pairs in A. J is the nearest-neighbor coupling. The
interaction is ferromagnetic for J > 0 and antiferromagnetic for J < 0. The constant h
represents external magnetic field.

This model was proposed by Wilhelm Lenz in 1920 and studied by his student Ernst
Ising. Ising proved that there is no phase transition in 1D at 7" > 0 and incorrectly
conjectured that this holds in higher dimensions. In 1944, Lars Onsager solved the 2D
Ising model (zero field) exactly which demonstrated the existence of a phase transition
at critical temperature T,. Nowadays the 2D square-lattice Ising model is one of the
simplest statistical model to illustrate a phase transition and qualitative results for real

physical systems.

4.1 The one-dimensional Ising model

We start with solving the 1D Ising model. Consider a ring of N spins with periodic
boundary condition o1 = o7 (the difference between boundary conditions here becomes

negligible in the thermodynamic limit).

01 02 0; ON ON41 = 01

20
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The Hamiltonian for this periodic spin chain is

N N
HN<O') == —(]ZO'Z'O'H_l - ]’LZO’z
=1 i=1

and the corresponding partition function reads
N N
= Y ew (wZOM + ﬁth) |
i=1 i=1

4.2 Transfer matrix
This partition function can be computed via the method of transfer matriz. Let us

first rewrite
N

il 1
Zai = B Z(Ui + 0it1)
i=1

i=1
SO

N Bh
ZN(B,h) = Z Hexp (6J0-i0-i+1 + 7(0'7, + 0i+1)> .

01,...,0N 1=1

Define the transfer matrix 7" indexed by 0,0’ € {£1} by
_ , B :
T, =exp | BJoo" + §h(a +d)).
In the ordered basis {+1, —1},
oBI+Bh =BT
T = .
e—BJ  oBI-Bh
The partition function can be written as a trace
Zn=Tr T".

The eigenvalues of the 2 x 2 matrix T" are

A+ = e cosh(Bh) & \/eQW sinh?(Bh) + e=287.

Therefore
N = )\f + AN

and

1 1
Fy = —ElogZN = —Blog (z\f + /\J,V) .

The free energy per site is

fn(B,h) = %FN = _@LNIOg()\ﬁ +AM).
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In the thermodynamic limit
) 1
f(ﬂah):]\}lm fN(/ﬁvh):__logA-l—
preel 3

Since A, is analytic for every finite 8 and real h, the free energy f(/3,h) is analytic.
This implies that there is no phase transition at 7" > 0 for 1D Ising model.

The internal energy per site is

unN = —N% 10g ZN
and the specific heat is
8uN 52 82
CN = 8T —kBN@ﬂz IOgZN
In the thermodynamic limit
0 0?
u=— 8510g)\+’ c=kgB? 852 log A,.

At h =0, we have A\, = 2cosh #J and
u(p,0) = —J tanh 5.J
c(8,0) = kp(B8J)*sech®5.J

Both are smooth in 8 and there is no singularity.

4.3 Magnetization

The total magnetization of a spin configuration is

N
i=1

and its expectation value can be computed by

0

The magnetization density is

(8, ) = 5 (M) =~ fiv = (o), for any i

In the thermodynamic limit

8 10
1 8
BJ 2 -
= Gon log [ cosh(Bh) + \/ezﬁJ sinh“(Bh) + e 2‘”}
10

log [cosh Bh) + \/Smh (Bh) + 6_4'8‘]:|

B sinh(Sh)
B \/sinhQ(ﬁh) 1 48T

Bﬁh
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We analyze the spontaneous magnetization which is about the limit limi. We assume
h—0

J > 0 (ferromagnetism).

N
At finite N, the Hamiltonian with zero field Hy = —J Y 00,11 is invariant under
i=1
the global spin-flip symmetry o; — —o;. Thus

lim my(B,h) = my(5,0) = 0.

h—0*t

e In the thermodynamic limit

0 if B < o0
lim m(G5,h) =
0t +1  ff=coorT=0
m(B, h) 4
________________ T=0
T7>0
“h

So at zero temperature T' = 0, the system will exhibit spontaneous magnetization.

This is expected since at T'= 0, we have two ground states (in the case J > 0)

M4t and L))

If we turn on external field A and gradually send it back to zero, the system will stay in

the ground state that aligns with the direction of h. In this case,

lim i lim li
g i oo, h) i T, (oo, )

I I
+1 0

4.4 Correlation functions

The magnetization
my (B, h) = (o3)

is about the 1-point correlation function. In general, we can consider the n-point function
<O-i10-i2-'~0-in> 1 <idg < -+ <y
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2-point fucntion

The most important is the two-point function

{oio;)
and its connected version
(0i0)c 1= (0i0;) = (0:)(9;)-
o If (0,0;). = 0, the fluctuations at different sites are uncorrelated.

o If (0,0;). decays slowly with |i — j|, the system has long-range order.

o If (0,0;). decays exponentially, correlations are short-ranged.

In the following, we show that the connected correlations in 1D Ising model decays

exponentially at any finite temperature 7' > 0. By the periodic boundary condition and

the translate invariance of the Hamiltonian function
(0i0;) = (090,) where r = [j — .

By definition

N 5 X N
1 BJ 3 oioiyrt+gh > (0itoit1) 1
(o00o,) = 7o E opo,e =1 i=1 =7 g 000, | | Toii1-
N N T
o; o; i=

=0 h)

Then the above two-point function can be written as

Introduce the 2 x 2 matrix

Te(ST"STN-)
Tr TN

{o00y) =
Let |£) be the two normalized eigenvectors of T’
T|£) = Azl£)
so we have the spectral decomposition

T = A1) (] + A=) (=,

Let us compute (g0, in the thermodynamic limit N — +oco. In N — +o0, TN "

and TV are dominated by

TV o AT, TN ~ AT (.
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Thus
. AT STTS ) §
i tooor) = M = T ST
1
= 3 (FIST ) HS[H) + (HISTT =) {=IS]+)
+

— (+511)? + (i—) CHIS1=) (114
— (+51) + (i—) (+151-)2.

Note that the one-point function is

L L Te(sTY)
M= e = i Sppy = (S
SO
lim (o00,) = m? + (22) (IS9P, lim (ouo)e = (22 ) [(+1S1=)P
Neroo 09r) — )\+ 9 Nooo 0Yr/c — )\+ .
Using S% = I, we have
L= (4] = (LS4 = (HS S + (+1S1=) (=181 +) = me? + | (IS |}
ISP = 1=,
Thus we find

i fou)o = (1= ) (5

N—oo

which decays exponentially as r — 4o00. At zero field h = 0 and T > 0, we have

= (tanh 5J)".
h=0

N (9077)e

The correlation length £ is defined by the decay property
(000,) ~ e7"/8.

The above result shows
1

&= log Ay /A"

At zero field h = 0,
1 1

a log tanh 5.J - log coth 8.J
which is finite for any 7" > 0, and diverges as T" — 0.

¢ =
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n-point function
Now we move on to compute n-point function
<O_i10—i2'~-ain> 1 <dg < -+ <1y

By the same argument as before via the transfer matrix
_ Te(ThST> S ... STN ™)

<O'Z'10'1'2...0'2‘n> = Tr TN

For simplicity, let us consider the case at zero field h = 0. In this case

el e=B7
T —
e BT B

and the normalized eigenvectors are

11 1 (1
=) T Ell

Ay =2cosh(BJ), A_ =2sinh(8J).

with eigenvalues

The S-operator swaps two eigenvectors
Sl+)=1-), Sl=) =1+

It follows that the n-point function is zero unless n = 2m even. This can be also seen by
the reflection symmetry o; — —o; at zero field h = 0.

Assume n = 2m is even. In the thermodynamic limit, we have

lim <0i10i2 s Ui2m> - <+|TZ1 STiZ_ilS Ce T_i2m|—|—>

N—o0

— 'il i2—i1 i3—i2 iQm*iQm—l —i2m
— NINET B ) A

)\7 ’L'inl )\7 7;4*7;3 )\7 i2m7i2m71
) ) ()

m A\ 195 —li2j—1
-11(5)

J=

Note that the 2m-point function factors

lim <Ji10i2 s Ui2m> = lim <0i10i2><0i30i4> s <0-7:27n710-i2m>
N—o0 N—o0

which does not obey the Wick rule on summing over all pairings. For example, we have

A}i_r)noowiojokal) = J\y_{noo<‘7i0j><0kgl>a i<j<k<l

This formula says that in 1D Ising model the information carried by a many-spin
product is transmitted along the chain in a completely ordered way. This reflects the
fact that the 1D Ising model has only nearest-neighbor coupling with only one spatial

direction and no loops.
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4.5 The two-dimensional Ising model

We move on to discuss 2D Ising model on the square-lattice. We focus on the zero-
field case (h = 0), which is classically exactly solvable.
Let Ay y C Z? be an M x N rectangular region. We put periodic boundary condi-

tions in both directions. A spin configuration on Ay n is described by
{Omn} 1<m< M, 1<n<N

and we will identify oa11,, = 01, and oy, N1 = 041 by the periodic boundary condition.

This can be also viewed as Ising model on the torus.

M

We consider the anisotropic nearest-neighbor Hamiltonian

M N M N
U) - _Jh E E OmnOmmn+1 — Jv E E OmnOm+1,n

m=1 n=1 m=1 n=1
where J;, represents the horizontal coupling and .J, represents the vertical coupling. The

standard isotropic model is the special case J, = J, = J. The partition function is

ZMN Kha ZQXP (Khzamno_mrﬂrl _'_K Zamn0m+l n)

where we write

Ky =pJn, K,=pJ.

The thermodynamic free energy density is

1
f(Kn, Ky) = 3 Ml]{flgoo N log Zn n (Kp, Ky).
Remarkably, Onsager [30] found the following exact formula for this free energy!

1 ™ ™
—06f =log2+ 5.3 / / log <cosh 2K} cosh 2K, — sinh 2K}, cos 6; — sinh 2K, cos 92>d91d92.
™ Jo Jo
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4.6 Kramers-Wannier duality

Before deriving Onsager’s solution, we discuss a duality relation (Kramers-Wannier
duality) for square-lattice Ising model that will directly locate the critical temperature.
High temperature expansion

For two spin variables o,0" € {£1}, we have
77" = cosh K + 00’ sinh K = cosh K (1 + oo’ tanh K).
Therefore

Zy.n = (cosh K, cosh KU)MN Z H(l + OpmnOm 1 tanh Kp) H(l + OmnOmt1,n tanh K.
When the products are expanded, a monomial in ¢’s survives the spin sum if and only
if each spin appears with even degree. Such a spin configuration forms a closed bond

configuration T

T: [T =16, [T, =14.

Thus the partition function can be written as

Zyn = (2 cosh K cosh K, )M " (tanh K,) ™ (tanh K, ) ™!
r

where the summation is over all closed bond configurations and
IT'| = #{horizontal bonds}, |T',| = #{vertical bonds}.

Note that
tanh K}, = tanh 8J,, tanh K, = tanh 8J,

which are small when § — 0 (i.e. T — +00). Thus this formula can be viewed as the

high temperature expansion.
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BN

1 1 1

1 1 1
-0-4-0-1t-0-}-0-f-0H-0-4{-0-1-0-

1 1 1 1 1 1 1 1

1 1

1 1 1 1 1 1 1 1
-0-4-0-1-0-| -0 -}-0-H-0-4-0-1-0-

1 1 1 1 1 1 1 1

1 T T T 1

1 1 1 1 1 1 1 1
—O---Q--0Q--0Q0--0--0---0---0-

1 1 1 1 1 1 1 1

black lattice M white lattice

Low temperature expansion

The partition function Z v is formulated in a rectangular region Ay, n in the lattice
Z2. We can consider the dual lattice by placing one dual vertex at the center of each face
in Z2, and drawing a dual edge crossing each primal edge in Z2.

At low temperature, K, and K, are large, and the dominant configurations are the

two ordered ground states: all spin +1 and all spin —1.

M.t and L.l

The corresponding contribution to the partition function is
o(Kn+Ko)MN
For each spin configuration o on Ay, let
D(o) = {nearest-neighbor (z,y) € Ay n | 04 # 0y}
which will be called the set of disagreeing bonds. Let

D(o), € D(o), D(o), C D(0)

denote the subset of horizontal and vertical disagreeing bonds respectively.

® ®

@

S O—CO—O
H——® g ®
® ® ® ®

D(o);, = red D(o), = blue

®
Q
A
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We can draw D(o) in the dual lattice. Then D(o) becomes a closed bond configu-
ration [*(o) in the dual lattice such that

D(o), < I (0)y, D(o), & I'(0).

+ |+ |+ |+ |+

D(o0) in dual lattice

Comparing with the ground state, each horizontal disagreeing bond will increase the
Hamiltonian by 2J;, and each vertical disagreeing bond will increase the Hamiltonian by

2J,. Thus a spin configuration ¢ contributes to the partition function by

o (En+Ko)MN ,—2Ky|D(0)s]|~2Ko|D(0)u|
The summation over all spin configuration o becomes the summation over all closed
bond configurations I'*(¢) in the dual lattice. Thus the partition function can be rewritten
dually as
Ly = e MN G (2K =205
I‘*
Note that when 7T is small, K, K, are large and so e 2%* and e~2%» are small. Thus
this formula can be viewed as the low temperature expansion.

For convenience, let us denote

Zy (K, Ky) :=> (tanh K,) ™! (tanh K, )™

r
and
UK K) = =5 i i log Z3 (K, ).
We have

Zy,n = (2 cosh K, cosh Kv)MNZf\Zle
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and

—Bf(Kp, K,) =log(2 cosh K}, cosh K,)) — B( Ky, Ky).

By the dual description in the low temperature expansion
—Bf(Kn, K,) = K, + K, — pY(K;, Kj)
where the dual coupling K, K are defined by
tanh K = e 2%h tanh K = e 2%
which is equivalent to the symmetric form
sinh(2K;)sinh(2K,) =1, sinh(2K})sinh(2K,) = 1.
This is the Kramers-Wannier duality relation. Under this duality, we have
log(2 cosh K}, cosh K,)) — Bi(Ky, K,) = Ky, + K, — BY(K, K})
The duality map sends
e high temperature K < 1 to low temperature K* > 1

o low temperature K > 1 to high temperature K* < 1.

If the model has a unique phase transition (we will see this by Onsager’s formula),

then the critical point must be fixed by this duality
(Kn, Ko) = (K7, K7).
Thus at the critical temperature K, K, will satisfy the relation
sinh(2K}) sinh(2K,) = 1.
In the isotropic case J, = J, = J, the critical temperature T, satisfies

2
sinh ( k;;) =1

from which we find T, for the phase transition

2.J
T.= :
kplog(1+ v/2)
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4.7 Onsager’s exact free energy

Transfer matrix

The free energy per site f(Kj, K,) can be computed exactly via the method of

transfer matrix. The idea is to group spin configurations of each row by the Hilbert space
HN = (C2)®N

and turn the partition as a trace of operators on Hy in the vertical direction.

m ,I\T transfer matrix

< >y Hy

— N

Let p denote a row spin configuration
w= (01,09, ,0nN) o; € {£1}.
Such p gives an orthonormal basis {|u)} of Hy. Consider the operator

T:Hy— Hy

whose matrix entry is given by
N N
(WIT ') = exp (Kh Z 0j0j41 + IS, Z UjU;‘) :
j=1 j=1
Then the partition function can be written as
Zyun = Z exp (Kh Z OmmOmnt1 + Ky Z O'mmO'm_,,_Ln) = Tr(TM).
The problem is to find the largest eigenvalue of T as M, N — oo.

We can further decompose 1" as

T =T,T,

where T}, is diagonal

N
(il Thlp) = by exp <Kh > Uj0j+1>

J=1
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and T, has the matrix entry

N
(IT) = exp (m zaja;> |

j=1
Thus
(TR T 1) = (] T ) (el To ') = (| T'| ")

as expected.

Spinor formalism

We use Kaufman’s spinor formalism [23] to compute eigenvalues of the transfer

matrix. Introduce the Pauli matrices

01 0 — 10
Op = o, =\ o, = .
1 0 v 0 0 —1
We extend them to linear operators

oW o) o) Hy — Hy

T Y z

which act on the j-th component C? of Hy = (C*)® by o,,0,,0, and on the other
component as identity. We can express T}, and T, in terms of the Pauli matrices. For T},
we simply have
N
1), = exp (Kh Zagj)agﬂ)) .
j=1

For T, its matrix entry factorizes

N
(T} = [T e
j=1
So
T, = ASY

where A, is the 2 x 2 matrix

Since det A, = 2sinh(2K,), we have

1

cosh K7 sinh K
— A, =exp(K}o,) =
2sinh(2K,)

sinh K cosh K
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for some K. Computing the ratio of the first row, we find
tanh K = e 25,

So K is precisely the dual coupling of K,. Thus
N
T, = (2sinh(2K,))/? exp (K{f ZU;”)
j=1
and the full transfer matrix 7" becomes
N N
T = (2sinh(2K,))V/? exp <Kh Zagj)agjﬂ)) exp <K: Z ag(cj)> :
j=1 j=1
Define 2N operators on Hy (Jordan-Wigner transformation)
o= (Tl ) 1= (1) 2
i<j 1<J

They satisfy the Clifford relations
LUy + Tyl = 200.

Observe

o) G+

P P = iFQjF2j+1, O'(]) = szj_lFQj.

T

Thus the transfer matrix 7" can be written as (we identify I'oyyq =1')

N N
T = (2 Sil’lh(2KU>>N/2 exp <ZKh Z FQjF2j+1> exp (ZK:; Z ng_1F2j> .

j=1 j=1

The upshot is that T is expressed as exp of quadratic expressions in I'’s, i.e., elements of

Spin(2N). By the Baker-Campbell-Hausdorff formula, we can write
N N 12N
exXp (ZKh Z FQjF2j+1> exXp (ZK: Z F2j1F2j> = exXp (Z_l Z AabFan>
j=1 Jj=1 a,b=1
for some skew-symmetric matrix A. To compute A, let us denote
N N
(I)h = exp <ZKh ngjr2j+1) s (I)v = exp (ZK: ZFQj_1F2j> .
j=1 j=1

and
b =070, 0,
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2N
Lemma 4.1. Let C = (Cyp) be a skew-symmetric 2N x2N matriz. Let U = exp (;11 > C’abFan>

a,b=1

and X = e ¢ = (Xy). Then
UCU™ =) Xyl
b

Proof: This is essentially the map Spin(2N) — SO(2N). Let YV = iZa,b Cul'uI'y so
U = €Y. By the Clifford relations and the matrix identity

[A1 Ay, Ag] = Aj{Ag, As} — {Ay, A3} Ay,  where {A;, Ay} = A1 Ay + Ay Ay,

we find

It follows that

Our goal is to compute eigenvalues of T" or

1
P = exp (Z > AabFan>
a,b

on the Hilbert space Hpy, which is the standard spin representation.

Proposition 4.2. Let £A, £y, -+, Ay be eigenvalues of A. Then eigenvalues of ®

are

1 1 1
exXp (:I:§>\1 + 5)\2 +..-+£ 5)\]\7) .

Proof: Since the matrix A is skew symmetric, we can find O € O(2N) such that

0 w1
—Ww1 0
0 W9
A=0"1 —wy 0 O
0 WN
—WN 0
Eigenvalues of A are +iwq, +iwy, ..., Fiwy.
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Let

r, = Z OuwDs.

b
Since O € O(2N), {I,} still satisfy the Clifford relations

fWa,fwb + fwawa - 25ab

and ® can be rewritten as

N
1 . .
b = exp (5 E OJngj_1F2j> .
j=1

Define the fermionic ladder operators

1= = l = e
c;f = §(F2j71 +il'y;), ¢ = Q(FZj’l — il'y;)

which satisfy the relations
(cf)?=¢c =0, cfej+eicf =1
Let |0) € Hy denote the vacuum state satisfying
cjl0) =0 Vj=1,---,N.
Then the full Hilbert Hy has a basis

|y . can) = (e ) () ... (ch)*N|0), ar, g, ay € {0,1}.

Since

N
1~ ~ , 1 , 1
§F2j_1F2j =1 <c;rcj — 5) = P =exp (1 jgl wj (cjcj — 5)) .

Note that
1
0)— —310)
cre, — =
72 + |
cj|0) — 36 |0)

It follows that |ajas ... ay) are all eigenvectors of ® with eigenvalues

N
H Wi (aj—%)_
j=1

The proposition follows. ]
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By Lemma 4.1 and Proposition 4.2, we need to compute eigenvalues of the adjoint

action
Adg : V — V

where
V =Span{l'y,...,.Ton} ~C* and Adg(T,) = @r,d".

Since & = &, - &, we can decompose
Adcp == Adcph o} Adcpv‘

Recall

N N
®y, == exp <¢Kh2rgjrzj+1) , @, = exp (z‘K: ZFZHPQ]) :

Jj=1 Jj=1

Adg, preserves Span{I'y;,I'9;11} and Adg, preserves Span{I'y;_;,I'2;}. By Lemma 4.1,

Ady I'y; _ cosh2K;, —isinh 2K, Iy,
" F2j+1 1 sinh 2Kh cosh 2Kh F2j+1

Ad F2j—1 . cosh 2K:; —¢ sinh QKZ F2j—1
"\ 1y isinh2K*  cosh2K? Iy
To diagonalize Adg, consider the discrete Fourier transform and define vectors «y, 3,

by
271 271

N N
1 2mi 1 2mi
FQJ_l:\/_N E eNanq7 F2]:\/_N E eNqJ/Bq, q:].72"",N.
g=1 qg=1

On Fourier modes, we have

Qg cosh2K; —isinh2K\ (o
Adg, =
By ¢sinh 2K cosh 2K By
By cosh2K;, —isinh2K), By
Ad‘I’h 2miq = .. 2migq
e N oy isinh 2K} cosh 2K, eN oy

Ad ag\ cosh 2K, ie”?m/N ginh 2K, \ [ o
o 15} — \ —ie2mia/N ginh 2K, cosh 2K, By

q

i.e.
Therefore Adg preserves Span{ay, 3,} and

Ado (@) — cosh2K* —isinh2K* cosh 2K}, ie=2™4/N sinh 2K, \ [ ay
? B, isinh2K} cosh2K} —ie?™4/N sinh 2K, cosh 2K, 8,)

=: By
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Let e*7(@ denote eigenvalues of B,. Then
(@) + e @) — Ty B,
which implies
. , . 2mq
coshy(q) = cosh 2K, cosh 2K — sinh 2K}, sinh 2K cos N

The set {£7(q) évzl give all eigenvalues of Adg.

Computation of the free energy
The partition function is
Zun = Te(TM) = Tr ((2sinh(2K,)) " NV/29M) .
The largest eigenvalue of @ is .
1
p W— qu[l e37(@)
Thus in the thermodynamic limit

1
“PI= R arw

1 . . 1
log Zyn = 5 log(2sinh 2K,,) + J\}L{I})o N log Amax-

The second term becomes an integral

1 1 1 [ 1 [
Jm 5350w =5 [ @i =5 [

where
coshy(#) = cosh 2K, cosh 2K — sinh 2K}, sinh 2K, cos 6.

Thus we obtain the exact formula

1 I
—Bf = 5 log(2sinh 2K,) + gy / cosh™! (cosh 2K, cosh 2K — sinh 2K, sinh 2K cos 6) df.
T Jo

We can rewrite this formula via the original coupling K, in a symmetric form. The

dual K is given by

inh(2K') = ————

Snh(2K,) = SR

and we have h(2K,)
cos

h(2K*) = ——— %2

cosh(2K;) sinh(2K,)

To simplify notations, let us denote

Ch = cosh 2Kh, Sh = sinh 2Kh
C, = cosh2K,, S, =sinh2K,
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Then
C,C, — Sy cos b

cosh~(0) = 5

For x > 1, we have the integral formula

cosh™(z) = ! /07T log(2(x — cos 6))df

™

v(0) = l/ log (2 <Ch0v —Sheost cos é)) df
T Jo Sy

1 1 T[T CyC, — Sy cosb ~ ~
Bf 5 0g(2S,) + 52 /0 /0 og { ( S Ccos 0)} dodo

1 T T B B
=log2+— / / log(CC, — Sy, cos @ — S, cos 0)dOdo
22 Jo  Jo

Therefore

and

which is now symmetric in K}, <> K,. Thus we have arrived at Onsager’s exact solution

of free energy for 2D Ising model at zero field
1 ™ ™

—06f =log2+ 3.2 / / log (cosh 2K, cosh 2K, — sinh 2K}, cos 6; — sinh 2K, cos 02)d01d92.
™ Jo Jo

A phase transition in the thermodynamic limit shows up as a non-analyticity of
the free energy or its derivatives. The singularity occurs when the minimum of the log

argument vanishes. The minimum occurs at ; = 6, = 0 and note that
(cosh 2K}, cosh 2K,,)* — (sinh 2K}, + sinh 2K,,)* = (sinh 2K}, sinh 2K, — 1)* > 0.
Thus the non-analyticity shows up when
sinh 2K}, sinh 2K, = 1.

This is precisely the fixed point of Kramers-Wannier duality.

Internal energy and specific heat
Let us compute the internal energy at zero field. We consider the isotropic case
K,=K,=K=pJ.
The free energy becomes

1 s s
—Bf =log2+ ) / / log (cosh2 2K — sinh 2K (cos 01 + cos 62)) dO,dbs
™ Jo Jo

[ [ T
= log(2cosh2K) + ﬁ/o /0 log [1 - §(cos 01 + cos 62)} df1db

where
B 2sinh 2K
~ cosh?2K

We can further simplify by a change of variable o = %(01 —0y), B = %(01 + 05)
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«Q /2 «

1 /2 ™
—Bf =log(2cosh2K) + —2/ da/ dp log[l — 7 cos acos f].
™ Jo 0

We integrate 5 using

™ fm2 92
/ log(x — y cos B)df = mlog H#]
0
thus
1271
—Bf—log(Qcosh2K)—|-—/ log [— <1—|—\/1—TQCOS205):| da
T Jo 2
1 w/2 1 —
= log(2cosh2K) + —/ log |- <1 +V1—7%sin 9) do.
T Jo 2

The internal energy is

u

0 0
= 5500 = T35 (6))

/2 1
——2Jtanh2K—£/ T (K) {1—;1 o
0

U T 1 —72sin’0

= —Jcoth2K _—df
V1 —72sin’4

The critical temperature is at
sinh?2K =1 <= 7=1.

Near the critical temperature T, the elliptic integral

/2 1
/ ——df ~ l
o V1—72sin%0 2

1Og1_—7_2 as T — 1~

and
1 -7 (T —T,)*

2tanh® 2K — 1 o< (T —T,).

70
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Thus U is continuous at T' = T,.. However, the analyticity breaks down at 7' = T,. In

particular, the specific heat per spin

oT) = 3T

will have a logarithmic divergence
o(T) < log|T — T,

near the critical temperature T,. Thus for 2D Ising model at zero field near T, the first
derivative of the free energy (internal energy) is continuous while the second derivative

(specific heat) is singular. This illustrates a continuous (second-order) phase transition.

4.8 Spontaneous magnetization

We study the spontaneous magnetization of 2D Ising model on the square lattice,
which is defined by

1 1 0

. : 1 . :
(P =l Jn gy 2 ome) =l M 557 08

By translation symmetry, we can also write m(f) as a single spin expectation

m(B) = lim  lim ({go0).

Note that the order of limit is important. Otherwise

lim (og0) =0 at finite M, N

h—07+
by the Zs-symmetry o,,,, = —0.,., at zero field h = 0.
In a conference at Cornell in 1948 and another conference in Florence in 1949, On-

sager announced the following astonishing result on the simple exact formula

. 1/8
m — [1 o sinh2(2Kh)sinh2(2Kv)] T <T.

0 T>T.
where T is the critical temperature.

m

A

1

~
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Onsager never published a proof of this result. In 1952, Yang [16] published a full
derivation of this result based on different method. We present a calculation of this famous
formula following the simplification by Montroll-Potts-Ward [31] in terms of Szegd’s limit
formula for Toeplitz determinants.

What has been computed in Onsager and Yang is essentially

m? = lim (0y0,)
|r|—o0

for the two-point function at large distance. Strictly speaking, this definition is not
exactly the one defined above. These two definitions are expected to be equal, which was

proved rigorously a few years later. See [1, 27].

Transfer matrix and Pfaffian

Recall the partition function of 2D Ising model on the square lattice with periodic

boundary condition can be formulated as
Z MN = TI"(TM)

where T is the transfer matrix on the Hilbert space Hy = (C?)®". We consider two spins

in the same row, separated by a distance r, whose correlation is

1
<01,1U1,r+1> = —Z 01,101 ,r+1 €XP Ky E Um,nUm,n+1+Kv E OmnOm+1n | -
M,N
’ o

m,n m,n

As we have see, the transfer matrix can be written via Clifford algebra
T = (2sinh(2K,))N/2®

where ® has the form
N N
d = d,d, = exp (z’Kh ngjr%) exp (z’K;“ ngj_1r2j> :
j=1 j=1

Thus the correlation can be written as

Tr agl)ayﬂ)@M
Tr &M

<01,101,r+1> =

It turns out to be convenient to work with
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commutes, the two-spin correlation is the same as

Tr ail)agﬂ)CDM

<01,101,r+1> =

Tr &M
Since ng = 1, we can write 0y 101,41 as a spin chain 011012012013 01,01 r41.
) . N (j+1 . )
Using the relation oD gt — il9;T2j41, we arrive at

Tr <F2F3F4F5 ce F27F2r+1(i)M)
<01,101,r+1> =1 Ty GM .

2N
Proposition 4.3 (Wick’s Theorem for fermions). Let Q) = i > Qupl'ly where Qup =
a,b=1
—Qpa- Let my, ... ,man be Grassmann variables (nam, = —mpna). Then

Z%Fa Q

Tr(e«  e¥) 1
_— = =Y Cua
=% exp <2 agb ) m)

where Cyy, is the two-point function

Tr(C,Lpe) ) Tr e? a#b

Cab =
0 a=">
Proof: We can assume
0 w1
—W1 0
0 %)
Q= —wz 0
0 WN
—WN 0

Otherwise we can perform a linear orthonormal change of basis. This reduces the proof

to the case N = 1 which is easily proved. ]

Corollary 4.4. Assume the same set-up in Proposition 4.3. Then for any ki < ky <

oo < ko, we have
Tr (Flekz Ce FkaGQ)

Tr e?
where Pf(A) is the Pfaffian of the skew-symmetric 2m x 2m matriz

= PflA)

Tr (Cr, Iy e9)

Aig = Tr e?

i 7.
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Let us denote
Aj:FQj—b Bj:FQj, ]:1,,N

We will always use periodic index so Ayy1 = Ay and By, = B;. Then

(01101,41) = 1" (Tr BiAsBoAy ... By A1 0Y)
1,101r41) = o

By Corollary 4.4, this correlation is determined by

(Ai4j), (BiBj), (Bi4;).
We can use symmetries of ® to simplify these two point correlations.
(1) Translation symmetry: I'y; — I'yo. This shifts
Ai—= A1, By Byl
Thus (A;4;), (BiB;), (BiA;) only depend on their relative position j — i.
(2) Transpose symmetry: ® = ®. By the construction of ', we have

Al— 4, B'—-B.

7

By translation symmetry, transpose symmetry and Clifford relation,
(AiA;) = (AJAD) = (AjA) = 205 — (AiA)
= (4A)) =6
Similarly,
(BiBj) = dij.
Let us denote the r x r matrix

ij = ?;<BkAj+1> 1 S k,j S r.

By Corollary 4.4, (01 101,41) is computed by the Pfaffian of
0 G
-G 0/

(01101 p41) = (—1)7"(1”71)/2 det G.

Precisely, we find

Note that by translation symmetry
Grj = i{BoAg—j+1)

which is a Toeplitz matrix. As we will see, this Toeplitz property allows us to compute

the large distance limit.
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Dominant eigenvector

Let |Q) be the eigenvector of ® with the largest eigenvalue. We are interested in the

thermodynamic limit M — oo

Tr ByA,,®M
lim (ByA,) = lim — 02—
M—o0 M—oo Tr (I)M

= (Q| By A,|€).

We will compute this thermodynamic correlation in the next.

Note that A; and B; are Hermitian matrices. Let us decompose into Fourier modes
1 iy 1 .
Ai=—= Y(cg+c',), Bi=—) e¥(cpg—cl
J \/N ; ( 0 9) J \/N ; ( 0 9)
where the sum is over all § such that ¢ = 1. The Fourier modes cy,cj satisfy the
anti-commutator relations ({U,V} :=UV + VU)
{eocy =1 G=(ch)*=0

so they are N-copies of fermionic ladder operators. In terms of Fourier modes,

d;, = exp (iKh Z BjAj+1> = exp (Kh Z ew(cg —c_g)(co+ cT_9)>

J 0

®, = exp (sz Z Aij) = exp (K: Z(ca + cT_e)(c(E — 09)> .

J 0

It is now straight-forward to compute the adjoint action

_ 0 _ising
Ads, (T> - [m ( eosd —isin )] (T)
cly 1sin @ cos cly

B <cosh 2K; — sinh 2K3, cos 0 —isinh 2K, sin 6 > ( Co )

1sinh 2K, sin 0 cosh 2K, + sinh 2K, cos 0 cT_e

where My is the 2 x 2 matrix

M % —cosf —isind 2K % —cosf —isind
=ex ex ex
’ P isinf  cosf P —2K; b isinf)  cosf
, —cosf —isind , 1 0
= | cosh KI5 + sinh K}, cosh 2K I + sinh 2K
tsinf  cosf 0 -1

] —cosf —isiné
cosh K15 4 sinh K, )
1sin 6 cos 0
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Note that the matrix My is of the form

1 b b
My = =Tr My + R coshy(0) + “ , a,beR
2 —ib —a —ib —a

where e*7@ (y(0) > 0) are eigenvalues of My. Explicit computation gives

—a = cosh 2K sinh 2K, cos 6 — sinh 2K, (cosh2 K, + sinh? K}, cos 26’)
—b = cosh 2K sinh 2K, sin § — sinh 2K sinh® K, sin 20

and
cosh y(#) = cosh 2K}, cosh 2K — sinh 2K}, sinh 2K cos 6.

Let
(ui(9) Ui(6)> My = 21® <ui(9) vi(9>>
denote the left eigenvectors of My. Since My is Hermitian, we can normalize

sl + o[ = Ju P+ - [P =1, @yu- + 002 =0.

Then
n+(0) = us(0)cy + vi()ct,.

are eigenvectors under the adjoint action
P @t =y

Since ® is Hermitian,

—  OIpld =0yl

i.e. we can choose 74 () such that

By the normalization condition, we have the anti-commutator relation

{n:+(6),n}(0)} = 1

and these eigenvectors of ® form new ladder operators. Since n+(0)’s have eigenvalues

> 1, the eigenstate |€2) of the largest eigenvalue of ® is characterized by

n(0)[) =0 V0.
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Computation of i(Q|ByA,|2)

In Fourier modes, we have

HOBOAD) = £ 3" e ((cl — co)(eoo + )

Let
9(0) = (Q(cty — co)(c—g + ) |2)

SO

. 1 —in
i(Q BoAn|) = > e mg(0)
0

In the limit N — oo, this will become an integral

1 2 ]
e M g(6)dh.

27 Jo

The projection of c_g + ¢; to n_(—6) is

(u(=0) + 0 (=0)) (=) = (w1 (6) + v4 (6)) (0)

and the projection of ¢y — ¢ to n4.(0) is

(~r @) + 02 (@) 04 6).

Thus

9(0) = (w1 (0) + v+(0)) (~ux(8) + v:.(9)) .
Now the matrix My has the form
1 a b
Mg = -Tr Mg[g + .
2 —ib —a
The eigenvector equation becomes

a b

('U/+ 'U+> ( . > - <U+ U+> V Cl2 +b2
—ib —a

from which we find

vy Vat+br—a ¢
— =fi— =i£.
Uy b

By the normalization condition |uy |* + |v4]? = 1, we find

1 £2
2 _ 2 _
‘u+‘ - 1 +£2 ’U‘F’ - 1_'_§2
€ i
U4V = —

1+€2 u++:1_'_€2
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Thus

1 ¢ RS
10 ="1TreTTre e
& -1-2i¢  (E-9)
I N ()
=i |2+ 2

T4 |2l +z
oz _<z>§
IETR Y-

which is a phase factor determined by My. Now

where z = —a — b

z = cosh 2K sinh 2/,e™ — sinh 2K cosh® K}, — sinh 2/ sinh® K,e*"
= —sinh 2K, sinh? Kh(eia — r+)(ei9 —7r_)

where (tanh K ):Fl
tan * 1ok
=7 = vcoth K.
T Tanhk, ¢ e
Introduce
ar =e vtanh K = 1Y, ag=e v coth K, =r_.
Then
z o (1 —ae?)(e? — ay)
and
o) = (L) —an) \P (L= i)~ age )\
= - n =€ - - .
g (1 —age ) (e — ) (1 — ae™)(1 — age?)
Thus we find
Y
1 Jp— 1 y . — —1 —J 1
i G =l Bdicy) = 5 [ (a0
where

(1 — ae?)(1 — ozgeio)] :
(1 —age®)(1 — aget)

p(e?) = {

Toeplitz matrix and Szego6 limit theorem

We consider T' < T, In this case
O<ap <1, 0<ag <.

We are interested in computing det(G) for the r x r matrix G in the large distance limit

r — o0o. Since G is a Toeplitz, such limit can be computed by Szegé’s Theorem. Let
¥(z) = log ¢(z)
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1 27 on i
Cp = — P(e™)e " dl
2 Jo

be the Fourier modes of 1. Then Szegd’s limit theorem says

and

n=1

o
det G ~ exp (rco + Z ncnc_n> as r — 00.

In our case, we have

W(z) = % [log(1 — ay2) +log(l — axz™") —log(1l — ayz™") —log(1 — as2)]

We expand on |z| =1 and since |ay| < 1,|aq| <1

N Moot Naf—ah
W(2) ; o z+; e
The Fourier coefficients are read by
ay —af o —aly
=5 ¢ 2n ¢ 2n "
By Szegd’s limit theorem,
Tlggo det G = exp (Zl NCpC_p ) :
Now
i oo — i (o} — a2 i ain 2(11 al + ol
n=1 n=1 n=1
1
=1 [log(1 — af) — 2log(1 — ayas) + log(1 — 3)]
llog (1-a)(d - 0‘2)'
4 (1 — @1&2)2

We find the spontaneous magnetization

= (lim detG)é _ {(1(—0@)(1 —g%)]é

r—00 1— a1a2)

We can further simplify this expression. Recall

o) = 6_2Kv tanh K3,

ay = e~ coth K,
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SO

(1—a?)(1—a2) (1—e* vtanh® K;,)(1 — e 45 coth® Kj,)
(1 —ajag)? - (1 — e=4Kv)2
1 — e *%o(tanh® K, 4 coth? K},) + e 8K
(1= e 4K)2
(tanh? K, + coth? K, — 2)
(e2Kv — e2Ku)2
1
~ sinh?(2K),) sinh?®(2K,)

Thus for T' < T,., we obtain the famous formula

ool

1
1—
sinh?(2K},) sinh? (2,

m =

Near T, define
1

k= )
sinh 2K}, sinh 2K,

AsT 7T, k 71, so
m~ (1= k%) ~ (T, — T)s

1

which shows the critical exponent is 3

4.9 Peierls estimate

We discuss the famous Peierls argument [37] on the existence of a phase transition

at low temperature for the ferromagnetic Ising model in dimension d > 2.

Boundary conditions

Consider the nearest-neighbor ferromagnetic Ising model on a finite region A C Z¢.

A spin configuration in A is an assignment
0= (04)zer , 0 € {£l}.

We impose a boundary condition outside A by fixing a choice

n= (ny)yil\ y My € {j:l}~

We define the Hamiltonian on A under a fixed boundary condition 7 outside A by

Hy(oln) = —J Z 0p0y — J Z T2y
(z,y) (z,y)

T, yeN rENYEA
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where the sums run over nearest-neighbor bonds and we assume J > 0 for the ferromag-

netic case. The partition function is given by

2] =3 e fniah)

o

and the associated Gibbs measure is

We will mostly consider the plus boundary condition

Ny = +1 for all y ¢ A

where the Hamiltonian, partition function and Gibbs measure will be denoted by

HA<O-’+)= ZX? NX(O-)'

By spin-flip symmetry we also consider the minus boundary condition

ny =—1 for all y ¢ A

and Hy(o|—), Z,, p, (o) respectively.

+ + +

+ + A AT
. +
" +
+ o +
+ +
+ +
+i L

+ 4+ + + +

Plus boundary condition

We are interested in the thermodynamic limit

pt=lim gy, T = lim gy

A7 A7

Our goal is to show that

ut £ at low temperature.

This illustrates a phase transition.

Peierls’ idea is to show that for sufficiently large 8 (low temperature)

1
uHoo=—-1) <5, uilon=-1)

where 0 is the origin. Hence pu* # ™.
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Peierls estimate in d =2

We begin with d = 2 where the geometry is most transparent. We consider the dual
lattice (Z2)* of Z? which can be identified as

(22 =72+ (% %) |

Given a spin configuration o on A, we draw its dual bonds I'*(o) on the dual lattice

which form a collection of closed contours.

o+ o+
o+ =+ |-+
===+ ==+
o + + 0+
+ o+ 0+ + + 1+

We consider plus boundary condition, so every connected component of minus spin

is finite and is surrounded by such a contour. Thus
o minus droplets correspond to closed dual contours

o if 09 = —1, then the origin belongs to a minus component, hence is surrounded by

at least one contour.

Let now ¢ be a spin configuration with plus boundary condition, and v C I'*(o) be

the outer contour of a minus droplet. Let

T, (o) = flipping all spins of ¢ inside

O T
I I B I I B S
o0 L L oD L Lo
r r T,.y(o') T r
SR IR I e S IR ST S S B
e B Bl e e e e e i B e ol
R e S B e R
A R

The Hamiltonian changes under this flip by
Hp(o|+) = Hy(T,(0)|+) +2J |y
where || is the number of edges in v. In Boltzman weight
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e BHA(ol+) — =281l o =BHA(Ty(0)[+)

Let A, be the set of spin configurations ¢ such that + is present as a contour. Then

S e oI 3 BHAC) < (21§ o) Z 27l 7
oEA, o€Ty(Ay) o

This yields the crucial Peierls estimate
pi(Ay) < e?0l
Consider spin configurations with
og=—1
under the plus boundary condition. We have

{op = -1} C U A,.

7 surrounds 0

By the above Peierls estimate,

IN

Yo oukAa)<s Y e

7 surrounds 0 7 surrounds 0

pix (o0 = —1)

The problem is reduced to counting contours.
A contour of length n surrounding the origin must intersect the positive x-axis within

distance n from the origin.

. ° . ° °

° . ° . °

- =O - L - >
x

° . ° . °

We can use the intersecting edge as the starting edge. There are at most C'n such
choices for some positive constant C' (for example, we can take C' = 1 for a rough
estimate). Once the starting edge and the orientation are chosen, at each step there are
at most 3 choices for continuation (because one can not immediately backtrack). Thus

the number N,, of contours of length n surrounding the origin is bounded by
N, < Cn3".
Using this contour count,

pi(og=-1) < Z N,e 2#/n < C’Zn(?)e’zﬁ")”.

n>4 n>4
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This converges provided
log 3

2J
For such f3, the series sum can be made arbitrarily small as § — oo. In particular, for g

3¢ <1 je B>

sufficiently large

1
pip (09 = —1) < B
uniformly in A. Therefore in the thermodynamic limit
N 1
w(og=-1)< 3
By spin-flip symmetry
_ 1 . _ 1
p (oo =+1) < 5 ie. p (og=—1) > 5

This proves ™ # p~ and shows the existence of a phase transition at low temperature.

In the phase ™, the magnetization density
mi(B) = pf(oo=+1) — uf(co=—1)=1—-2uf (6o =—1) >0
uniformly in A. Thus in the thermodynamic limit
m*(8) > 0.

This shows a spontaneous magnetization in the plus phase.

Peierls estimate in d = 3

One key feature of Peierls argument is its effectiveness also in d > 3. We illustrate

the case d = 3. Consider a finite region A C Z3. The dual lattice is

111
Z3 * Z3 i
(Z°) + (2, 5 2)
Each nearest-neighbor bond b = (x,y) of Z? corresponds dually to a unique square

plaquette b* in the dual lattice

b*

Given a spin configuration ¢ on A with plus boundary condition outside A, define

the set of disagreement bonds

D(o) = {(z,y) | 0z # 0}
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For each (z,y) € D(0), attach the dual plaquette. The union of all such dual plaquettes
is the interface between plus and minus regions.

Let C' C A be a connected component of minus spins:

o, = —1 forx € C
oy =+1 fory ¢ C, dist(y,C) = 1.

Its edge boundary is
0.C ={(z,y) [z € C,y ¢ C}.

For each bond in 9,C', place the corresponding dual plaquette. These plaquettes form
a polyhedral surface S(C'). A bit of imagination shows that S(C') is a closed surface. This

is the 3D analogue of the dual closed contour in d = 2. Let
|S| = # of plaquettes in S = |0.C]|.

This |S| is the analogue of contour length in d = 2.

S

Let Tso be the spin configuration obtained by flipping all spins inside S. Then
Hy(o|+) = Hy(Tso|+) + 2J|S].
This leads to the Peierls estimate
p{(As) < e

where Ag is the set of configurations o such that S appears as the boundary of a minus

droplet.
Let N,, be the number of closed dual surface S of area |S| = n surrounding the

origin. Then
pi(og=—-1) < ZNne_w‘]".

n>6

Here the minimal closed surface is the boundary of a single cube, which has 6 plaquettes.
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We can proceed as in d = 2 to estimate NV,,. We choose the first intersection of S
with the positive z-axis, and this gives O(n) choices. Start from the anchor plaquette, we
build a connected set of n plaquettes by adding one plaquette at a time. Each plaquette
has only finitely many neighboring plaquettes sharing an edge, say the number = M. In
fact M =12 in d = 3. Thus

N, < CnM™.

Substituting into the previous bound,

n>6
So for sufficiently large £,
N 1
pix (o9 = —1) < B
uniformly in A. In the thermodynamic limit
. 1
) (0'0 = —1> < 5

This illustrates phase coexistence and thus a phase transition.

Remark 4.5 (Peierls argument fails in d = 1). In d = 1, a minus droplet is just an interval.
Its boundary consists of two endpoints, so the energy cost is always 4./, independent of
droplet size. In d > 2, by contrast, a droplet with large boundary has energy cost
proportional to its area, which grows with its size. This is the geometric reason the

Peierls argument works.

4.10 Lee-Yang circle theorem

The Lee-Yang theory [27, 28] gives a conceptually beautiful explanation of how phase
transitions arise in statistical mechanics. The central message is that instead of looking
only at the partition function for real values of the external parameters, one analytically
continues to complex values and studies the zeros of the partition function on the complex
plane. Then a nonanalyticity of the thermodynamic free energy appears when, in the
thermodynamic limit, the zeros of finite-volume partition functions accumulate and pinch
the physical axis.

For the ferromagnetic Ising model in an external magnetic field, Lee and Yang proved
a remarkable theorem: if one writes the partition function as a polynomial in a suitable
fugacity variable, then all zeros lie on the unit circle. This implies that phase transitions

in the ferromagnetic Ising model can possibly appear only at zero magnetic field A = 0.
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The Ising model with complex magnetic field

Consider a finite region A C Z¢ with spins
o, € {£1}, z€A.

We consider a general Hamiltonian of the form

Z Joy0z0y — I Z Oy

zEA

where we allow different coupling J,, on each nearest-neighbor bond (z,y). We require

Jyy > 0 for all (z,y) in the ferromagnetic case. The partition function reads

Zz(B,h) = Zexp 52nyamay+ﬁhz%

a (zy)

We want to study Z, not only for real h, but for complex h. Introduce the variable

z = e 2Pk,
Let
=|A|, n(o)=number of — 1 spins.

We have

Z% N —2n(o)
Thus

Z\(B,h) = "N Py(2)
where

= Z exp | B Z JoyOz0y 2™
o (z,y)

is a polynomial of degree N in z. Let

1y %25+ +y AN

be zeros of Py(z). Then
N
z) =C)y H(z — zj).
j=1

where the factor Cy only depends on A. Taking logs,

NlogZA—ﬂh—i——logCA—i— Zlog (z — 2).

87



4 THE ISING MODEL Si Li

In the thermodynamic limit, the last term will become an integral on the distribution
of zeros that capture the non-analyticity. Thus the accumulation/distribution of zeros in
the thermodynamic limit tells the information on phase transitions.

Lee and Yang discovered that in the ferromagnetic Ising case, all zeros lie exactly on

the unit circle
|zjl =1, j=1,2,...,N.

See Lee-Yang circle theorem below.

_ —28h

~

Thus in the thermodynamic limit, we expect

1 1 [ ,
NlogZN — —Bf =pBh+C(B) + %/0 log(z — ) p(6)df

where p(f) is the angular density of zeros on the unit circle. The magnetization density

mi(s,h) = — —1_3/(]”0(9_%‘?9

is given by

oh’ s z — et

which is a Cauchy-type transform of the density of Lee-Yang zeros. Since
|z=e?" =1 < Reh=0.

For real h, the thermodynamic phase transition can only occur at z = 1, i.e. h = 0. This

leads to a concrete mechanism of phase transition:

o if p(f) stays away from z = 1, m stays analytic near h = 0.
o if zeros accumulate at z = 1, then the integral can develop a singularity, producing
spontaneous magnetization and nonanalytic free energy.

Lee-Yang circle theorem

We now discuss the fundamental property on distributions of zero discovered by Lee
and Yang [28]. We discuss extension of Lee-Yang theorem in the form generalized by

Asano [1] and Ruelle [10]. See also [11, 20] for further developments and expositions.
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Consider a general Ising model on a finite undirected graph G = (V, E). Here
V=A{1,2,...,N}

is the set of vertices and E is the set of edges. Let J;; be the coupling attached to the
edge (i,7) € E. Let h; be the external field attached to each vertex i € V. The partition

function is

ZG: Z exXp ﬂ Z JijO'in—i‘ﬁZhiJi

oce{£1}V (i,5)eE eV

Let K;; = BJ;;. Introduce variables
z; = e 2Bhi 1€ V.

Then
B> hi
g =e i€V Pg(Zl, e ZN>

where the multivariate Ising polynomial is

PG<Zla~--7ZN) = Zexp Z KijO_in H Zi-
o (

i,j)EE o;=—1

Zeroes of Zg are the same as zeroes of Ppg.

Theorem 4.6 (Lee-Yang Circle Theorem). Let G = (V, E) be a finite graph and suppose
K;; >0 for every edge (i.e. in the ferromagnetic case). Then the polynomial Pg has the

following zero-free properties:

(1) If |zi| <1 for every i € V, then Pg(z1,--- ,2n) # 0.

(2) If |zi| > 1 for every i € V, then Pg(z1, -+ ,2n) # 0.
In particular, every zero of Pg(z,z, -+ ,2) lies on the unit circle:

|z| = 1.
We present a simplified proof based on Asano contraction.
Definition 4.7 (Asano contraction). Let
®(u,v) = A+ Bu+ Cv + Duv

be affine in each of the two variables. Its Asano contraction is the one-variable polynomial

®(z) = A+ D=
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The Asano contraction has the interpretation of gluing half-edges variables into a

single vertex variable as follows. For each edge e = (i, j), we write two half-edge variables

e

Zie and  zje. 7 7
Zie Zje

Define the edge factor
Fo(2ie, 2je) = eXod e Koz o+ e Rezi 4+ efozieze
and form the product

F({zie}) = H Fe(zie, Zje)

e=(i.))€E

Fix a vertex ¢ of degree d;. Let its incidence half-edge variable be z; ¢, -, 2, 0

We now contract them, two at a time, into a single vertex variable z;. At each
contraction step, we view the current polynomial as a polynomial affine separately in two

of the contracted variables
A+ Bz, +Czie, + Dzic,Zie,
and replace this expression by via Asano contraction
A+ Dz,
Repeating this operation at each vertex contracts
Ziers " s Rieq = i = Zieq..eq
and we obtain a polynomial
F{zie}) = F(z1,2, -, 2n).
To identify F , observe that each edge factor contributes one of the four monomials
eKe, e’K‘iz@e, e’Kezj,e, eKezLez]-,e

These correspond to the four local spin configuration

90



4 THE ISING MODEL Si Li

i 7 i J 7 J 7 J
+ - + - - -
eKe G_Ke G_Ke €Ke

Keaio'j'

This is exactly e
The vertex contractions enforce the condition that all half-edges incident to a vertex

choose the same spin state at that vertex. Thus the contracted monomial associated to

II =

o, =—1

a global spin configuration o is

and its coefficient is
exXp Z Kz'jO'in
(i.5)eE
Consequently

?(21,...,ZN):Pg(zl,...,ZN).

Thus we find

?({2176}) Successive PG(Zl, . ,ZN)

Asano contraction

Lemma 4.8. Let (u,v) = A+ Bu+ Cv+ Duv. Assume
O (u,v) #0 whenever |u| <1, |v| < 1.
Then its Asano contraction 5(2) = A+ Dz satisfies
O(z) 40  for |z|<1.

Proof: Let us write
¢ (u,v) = (A+ Cv) + (B + Dv)u.

By assumption,
lv| <1 imiplies |A+ Cv|> |B+ Dv|.

Take v = pe?, 0 < p < 1, and average over 6, we get

1 2w

, 1 [ ,
— |A + Cpe®|?df > —/ |B + Dpe'|*df
2m Jo 2m J

— AP+ CP > B+ 0D Yo<p<1
Switch the role of v and v,
= |AP + p?B]* > |C + p*|D|? Vo< p<1
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Adding the above two inequalities and let p — 17, we get
4] > D).
Note that A = ®(0,0) # 0. The lemma follows. O
Lemma 4.9. Let ®(u,v) = X + e %u + e Kv + e®Fuv where K > 0. Then
O(u,v) #0  whenever |ul <1,v| < 1.

Proof: If ®(u,v) = 0, then

14+ tu
t+u

where ¢ =e K.

Assume |u| < 1,
11+ tu)® — [t+ul> =1+l =2 — [uf> = (1 - )(1 - [u?).
If K >0s00<t<1,then
|1+ tu| > [t +u| = |v| > 1.

If K=0s0t=1, thenv=—1. ]

Proof of Theorem 4.6: By Lemma 4.9,

Fze) = [] Felzie zie)

e=(i,j)€E

satisfies
F({zie}) #0 whenever all |z .| < 1.

Since

?({Ziye}) Successive PG'(Zl, o ZN)

Asano contraction

By Lemma 4.8, we find
Pa(z1,...,2n) #0 whenever |z1| <1,...,|2n| < 1.

Flipping the spin o; — —0o;, we have

N
PG(’Zla . ~7ZN) = (sz> PG(Zfla . '7ZN1)'
=1

If |2;| > 1 for all 4, then |z '| < 1 for all i. By the above proven case, we have

Pa(z1,...,2n) #0 whenever |z;| > 1,..., |z2n| > 1.
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5 The Six-vertex Model

Contents
5.1 Icerule . . . . . e 93
5.2 Transfer matrix . . . . . . . . . .. 94
5.3 The Yang-Baxter equation . . . . . . . .. . ... ... ... ... 96
5.4 Six-vertex solutions of YBE . . . . . .. ... oo 99
5.5 Algebraic Bethe ansatz . . . . . . . ... ... ... ... L. 101
5.6 Coordinate Bethe ansatz . . . . . . . . . ... ... L. 108

5.1 Ice rule

The six-vertex model is a statistical mechanical model on a square lattice. Each edge

carries an arrow:

—— ]|

At each vertex, four arrows meet. The rule for the allowed configuration is:

at each vertex: \two arrows in and two arrows out\

This is called the ice rule, because it comes from the hydrogen-bond arrangement in

square ice. There are exactly six allowed local configurations.

1T Y

> > ¢ ¢ weight w=a
1T~ Y
Y 1T~

> > ¢ ¢ weight w=10
Y 1T~
I~ g

> < ¢ > weight w=c
g ™~

They are grouped into three pairs, with Boltzman weights

a,b,c.
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The two configurations of each pair above are related to each other by flipping the arrow
directions. Such weight assignment of local configuration is under the assumption of
no external field. In such case the Boltzmann weights should be invariant when all the
polarizations are reversed. In general, we would have six different weights.

A global configuration C' is an assignment of arrows to every edge in the region A

under consideration, satisfying the ice rule at every vertex. Its statistical weight is

veV (O)
where V(C) is the set of vertices in C. The partition function of this model is
z=Y w@)=>_ [ w.
C C veV(0)

We consider a square lattice with M rows and N columns. We set the periodic

boundary conditions in both directions. The partition function can be written as
Zun(a,b,c) = Z Ve (C)pNo(€) Ne(©)
c
where
Na(0>) Nb(0)7 NC<C)

count how many vertices of each type appear. The thermodynamic free energy per site

is

lOgZMyN.

The exact computation of this free energy is one of the central achievements of solvable

lattice models.

5.2 Transfer matrix

Let a row configuration of vertical arrows be

o= (01,00, ,0N) o; = £1.

[

0 = (+7+7_7+7_7_)

For example,

We define the transfer matrix 77" by

o' o h]'+10';-
TO’ - : : thO’j

hi, hy j=1

94



5 THE SIX-VERTEX MODEL

Si Li

/
0 ) 9j
hy ha hj hy hN+1 =M
01 02 g
where
/
g
h'+10'/. .
R, = Weight of  hy | hjpa .
7%

Under the periodic boundary conditions, the partition function Zys x is given by

In the thermodynamic limit M, N — oo, the free energy is given by

Zun =Tr TV,

AT = i 108 A

where A, is the largest eigenvalue of the transfer matrix 7'

At each vertex, the R-matrix defined above

Rz‘? = weight of

defines a linear operator

on basis by

Explicitly,
Rif =R~ =
RIZ=R’T=
Rt =R, =

where + represents 1, — and — represents |, <—. In terms of the ordered basis

++),

R € End(C? @ C?)

R = (aB|R|y5).
a

b

C

|+_>’ |_+>> ’__>
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the R-matrix takes the form

0
c 0
b 0
0 0 a

o O O 2
o

We introduce the spectral parameter u such that the weights a(u), b(u), c¢(u) depend

on u. The corresponding six-vertex R-matrix becomes

a(u) 0 0 0
Riu) = 0 blu) c(u) O
0 c(u) bu) 0

0 0 0 a(u)

5.3 The Yang-Baxter equation
Let V be a vector space. In general, an R-matrix is a linear map

Ru): VRV VeV

parametrized by a complex variable u, called the spectral parameter. Let I?;; denote the

operator R acting on the ith and jth tensor factors of
VeVeV.

Thus
Ris(u) = R(u) ® I, Raos(u) =1® R(u),

and Ry3(u) acts on the first and third tensor factors.

Definition 5.1. The R-matrix is said to satisfy the Yang-Baxter equation (YBE) if
Ri2(u — v)Ri3(u — w)Rag(v — w) = Roz(v — w)Ri3(u — w)Ryz(u — v).

This is an identity of operatorson V@V ® V.

Graphically, the LHS is

u
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e

23

- \
U

the RHS is

w

Ri3

Thus the Yang-Baxter equation says

u (% w

One key fact about Yang-Baxter equation is on integrability. Let us consider
Hy=V1@Vh® - eVy

where V;’s are copies of V. We also introduce an auxiliary space V, = V indexed by a.

Define the monodromy matrix
Ma(u) = RaN (U)Ra,N—l(u) T Ral (U)
where
Roj(u) : V@ V; =V, @ V.

Thus
Ma(u):Va®fHN—>V;®fHN.

Graphically M, is represented by

a ‘

\
\
1 2 e N—-1 N
Proposition 5.2 (RTT relation). The Yang-Baxter equation implies
Rap(u — v) My (u) My(v) = My(v)My(u) Rep(u — v)
Proof: Graphically, the LHS of RTT relation is
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We can apply Yang-Baxter equation successively

This is precisely the RHS of RTT relation. ]
The transfer matrix is obtained by
T(u) =TroM,(u) : H —H
where Tr, is the trace over the auxiliary V.

Proposition 5.3. Assume Rg,(u — v) is invertible. Then
[T(u), T(v)]=0  Vu,v

Proof: Let Trq; denote the trace over both auxiliary spaces V, and V4. By the RTT
relation
Trop( My (u) My(v)) = Trop(Rap(u — v) My (u) My(v) R} u — v))
= Trop(My(v) My (u) Rap(u — v) R} (u — v))
= Tryp (My(v) My(u)).
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Thus
T(u)T(v) = Trgp(My(u)My(v)) = Trop(Mp(v) My (w)) = T'(v)T ().

Remark 5.4. The essential mechanism is:
RTT = M,(u)M,(v) is conjugate to My(v)M,(u)

In most situations we are interested, we can expand the transfer matrix

T(u) = Z Lyu".
n=0
Because the entire generating functions commute
[T(u), T(v)] =0 Vu,v,

the coeflicients also commute
(I, I,] = 0.

Thus one obtains infinitely many commuting operators
-[Oa -[17 -[27 T

The Hamiltonian belongs to this family, so these are conserved quantities.

5.4 Six-vertex solutions of YBE

Now let us analyze the R-matrix in the six-vertex model.

R,‘j? = weight of

In component,

Set

r=u—v, Yy=v—w, TF+y=u—w
The YBE is
Rip(z) Ris(x + y) Ros(y) = Ras(y) Rus(x + y) Riz().
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We look for a(u),b(u), c(u) that solves this equation.
observe that the six-vertex R-matrix preserves the number of + signs. The check of

YBE splits into four sectors:
0,1,2,3 plus signs.
The sectors with 0 and 3 plus signs are one-dimensional:
——o), ),
On these states the YBE is immediate, since both sides are multiplication by
a(z)a(z + y)a(y).
The nontrivial check is in the sectors

Wy = Span{|+ — =), |-+ —),|—- —+)}
W = Span{|— + +), |+ — +), [+ + —)}
By spin reversal symmetry, it is enough to check one of them, say W;. On the ordered

basis

I T

the three two-site R-matrix act as follows:

b ¢ 0 a 0 0
Ro=1¢c b 0 Rys=10 b ¢ Ry3 =
0 0 a 0 ¢ b c

Proposition 5.5. Let
a(u) =sinh(u+mn), b(u) =sinhu, c¢(u)=sinhn

where ¢ = sinh 7 is independent of the spectral parameter u. Then the siz-verter R-matriz

a(u) 0 0 0
Riu) = 0 bu) clu) 0
0 c(u) bu) 0

0 0 0 a(u)

satisfies the Yang-Baxter equation.

Proof: For brevity write



5 THE SIX-VERTEX MODEL Si Li

We check the YBE on the sector W; described above. The LHS of YBE acting on W is
b, ¢ O bty O c a, 0 0
ng(l‘)ng(ZE + y)R23(y) = C bgc 0 0 Qgpy 0 0 by C
0 0 ay c 0 byiy 0 ¢ by
aybrbyty  COpiyby + b, cQaHy + cbyby
Cayboyy  Quiybsby + ¢ cagiy by + by
CAy 0y COybyty Azhyyyby
The RHS of YBE acting on W is

a, 0 0 boty O c by ¢ 0
Ros(y)Raz(z +y)Ria(z) =1 0 b, ¢ 0 apyy O ¢ by
0 ¢ by c 0 baty 0 0 ag

Aybypbyiy Cybyty Clz
Cgiyby + by piybiby + ¢ cazbyy,

Clgyy + cbpby  cayiyby + by azbyiyb,

Thus YBE is reduced to the following identities:

ax+yby + Cb;p = a/ybm+y
COzyy + bgby = aza,

Agtyby + cby = azbyyy
Now substitute
a, =sinh(u+mn), b, =sinhu, ¢=sinhn.

Thee above identities becomes elementary hyperbolic ones. O

5.5 Algebraic Bethe ansatz

The original Bethe ansatz is a clever guess for many-body wavefunctions. We discuss
Bethe ansatz for the Six-vertex model to diagonalize the transfer matrix.

We start with the algebraic Bethe ansatz. Recall the monodromy matrix
M,(u) : Vo, @ Hy — Vo, @ Hy
Ma(u) = RaN(u)Ra,N—l(u) e Ral (U)
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1 2 N

1 N

Here Hy = (C?)®" and V, = C?. As a 2 x 2 matrix in the auxiliary space,

where A(u), B(u), C(u), D(u) are operators on Hy. The RTT relation
Rop(u — v) My (u) My(v) = My(v) My (u) Rap(u — v)
implies algebraic relations among A, B, C, D. In the ordered basis

|+a+b>7 |+a_b>a |_a+b>> |_a_b>

we have

Riu) 0 b(u) c(u)
0 c(u) blu) O
0 0 0 a(u)

The (1, 2)-entry gives
a(u —v)A(u)B(v) = b(u —v)B(v)A(u) + c(u — v)A(v) B(u)
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The (3,4)-entry gives
c(u—v)B(u)D(v) + b(u —v)D(u)B(v) = a(u — v)B(v)D(u)

It turns out to be convenient to work with another equivalent form for the (1, 2)-entry

identity. Swap v and v, we get
a(v —u)A(v)B(u) = b(v — u)B(u)A(v) + c¢(v — u)A(u) B(v).

Since c is a constant,

A(v)B(u) = ziz - Z))B(u)A(v) + G(UC_ FAWBW)
Substitute this into the previous (1,2)-entry equation
alu —v) — a(vc— m A(u)B(v) = b(u — v)B(v)A(u) + C;((Z__;L))B(U)A(U)

Using the six-vertex identity
a(u —v)a(v —u) — c = b(u —v)b(v — u)

we get

a(v —u) o DAl
B0 A) ~ g B A,

The above (3,4)-entry gives

A(u)B(v) =

a(u —v) c

D(u)B(v) = mB(U)D(u) T U)B(u)D(v).

Thus we find the following identities from the RTT relation

(AB-relation) A(u)B(v) = f(v —u)B(v)A(u) — g(v — u)B(u)A(v)
(DB-relation) D(u)B(v) = f(u —v)B(v)D(u) — g(u — v) B(u)D(v)

where

In particular, we can simultaneously diagonalize B(u). The transfer matrix is

T(u) = TroM(u) = A(u) + D(u).
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Bethe vector and eigenvalue

Let us first consider

0) = [+ +---+) € Hy.

Because of the triangular action of R(u) on + spin, one obtains

Thus |0) can be viewed as a highest-weight vector. Consider the one-particle state
[A) = B(X)|0).
By the AB-relation,

A(u)BA)[0) = f(A = w) B A)[0) = g(A — u) B(u)A(M)[0)
a(w)” f(A = u)B()[0) — a(A)Vg(A — u)B(u)]0).

Similarly
D(u)B(N)[0) = b(u)™ f(u = \)B(A)[0) — b(A\)Vg(u — A) B(u)]|0).
Therefore the transfer matrix acts as
T(u)B(A)[0) = A(u; ) B(A)|0) + U(u; A) B(w)|0)
where

Alu; A) = a(u)™ fN = ) + 0(u)" f(u— A)
—a(A)Vg(h —u) = b(\)Vg(u = A).

=

B

=
I

If UW(u; A) = 0, then B(A)|0) is an eigenvector of the transfer matrix. This condition

is the one-particle version of Bethe equation:
U(u; A) = 0.

Since g(A —u) = —g(u — \), this condition becomes
aM\" _
b(\) )

A, Am) = B(A1) -+ B(Am)0).

In general, consider

We can use the AB and DB relations to compute how T(u) = A(u) + D(u) acts on
|/\17 U a)\m>~
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Proposition 5.6. If A\, -+, \,, satisfy the following Bethe equation

N
i) e

Then |Ai, -+, An) is an eigenvector of the transfer matriz matriz T'(u) with eigenvalue
a(™ [T 1Oy = w) + o)™ [T £l =),
j=1 j=1
Proof: Tterate the above one-particle computation. Exercise. Il

In the trigonometric parametrization of the six-vertex model, the Bethe equation

becomes
[Sinh()\j - 77)} N B H sinh(A; — A\x + 1)
sinh(\;) oy sinh(A; — Ay — 1)
The corresponding eigenvalue is
)V sinh(A\; —u +n) "y sinh(u — \; + 77)
H smh)\—u H sinh(u — ;)

Thermodynamic free energy

The thermodynamic free energy is

) = =3 Jim_ 108 )

where Ay (u) is the largest eigenvalue of T'(u). This can be computed from Bethe ansatz

as follows. Define

B sinh(\ + 7))
p(A) = —ilog sinh A
sinh(\ + n)
= —il
b0 sinh(A —n)

Taking the log of the Bethe equation, one obtains

Np(Aj) =271+ ) 0(A; — )
k#j

where I; are called Bethe quantum numbers.

Define the density in the thermodynamic limit

so that
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Denote

G =5 [Np'm -3 00 m] .

k

The number of Bethe roots in a small interval [\, A + d)] is
Np(A)dA.
The number /; increases by one from one root to the next, thus
Np(\) = G'(N).

In the limit N — oo,
2mp(0) =5 ) = [ 80~ mpla)d
This is the integral equation for the Bethe root density.

Take the Fourier transform

The above integral equation becomes

2mp(w) = P (w) — O'(w)p(w)

Inverting the Fourier transform, one solves
1 [ /
p(A) = —/ e_“"’\LCi)dw.
2m 21+ 0'(w)

Now recall the Bethe eigenvalue

o sinh(\; —u—l—n sinh(u — A\; + 1)
)= alu H sinh(\; — u) H sinh(u — A;)

Define

sinh(A — u +n)
G 4(u) =loga(u +/log snb(h— ) p(N)dA

sinh(u — A 4+ n)
) =1 1
p(u) =logb(u +/ 0g sinh(a — ) p(A)dA
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Then
A(u) r eNPal) 4 NeD() N — oo.

Consequently

f(u) = —%A}i_r}r;o%logA(u) = —%max{@A(u),CI)D(u)}.

The phase diagram is organized by the six-vertex parameter

a2 4+ b2 — 2

A p—
2ab

Plug in the hyperbolic parametrization
a(u) =sinh(u+1n), b(u) =sinhu, c(u)=sinhny

one finds
A = coshn.

o ferroelectric phase: A > 1

o anti-ferroelectric phase: A < —1
o disordered phase: —1 < A < 1.

The ferroelectric and anti-ferroelectric phases are gapful (massive), while the disordered
phase (also called critical phase) is gapless (massless).

Let us consider the critical regime
-1<A<1

We write n = iy and
A = coshn = cos~y 0<y<m.

It is convenient to consider the shift

n_y_ 1t
A A= =A-o

and denote

The root density integral equation is
2750 =7 = [ 80~ il
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In this symmetric form, we can write

AN =m0 = )

where
1 2sin(nvy)

~ 27 cosh(2)) — cos(ny)”

an(A)

The Fourier transform of a,,’s are

(o) = sin'h (”;ﬂw)
sinh (gw)

for 0 < ny < w. The root density equation gives

i1 (w) sinh (*57w) 1

P T ) T S (5e) i (58] 2eosh(3)

Thus

1 [~ _. 1 1 1
() = — I S /S —
PN 27 /Ooe 2 cosh(yw/2) “ 27 cosh(mA /)

This gives the root density in the critical regime

Nyt ot
P 27) = 27 cosh(wA/7)
5.6 Coordinate Bethe ansatz

We briefly discuss the traditional coordinate Bethe ansatz approach. The reference
state is again

0) = |+ + )

and let |z) denote the state

z) = |+ + - ++~~~+>.
positlgon T
A one-particle state is a superposition
N
) = (x)|x)

=1

Translation invariance suggests
Y(w) =t
and periodic boundary condition implies
oRN 1
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which is the one-particle Bethe equation.

In general, we consider
w1, ) (1<2 <o <2y <N)

where x; are positions of — spins. For example of two particles in the ordered region

r1 < T9, one takes the wave function
(T1, 1) = Apge’Fro1thare) A eilkorithies)

The first term corresponds to particle 1 carrying momentum k;, particle 2 carrying mo-
mentum ky. The second term corresponds to exchanged momentum. The state

Z Y(w1, x2)|T1, 72)

x1<x2

is an eigenstate if
Agr = S(A1, A2)Ara

where the scattering amplitude S is

sinh()\l — )\2 -+ ?7)
Sinh(>\1 — )\2 — 77) ’

The parameters J\; is related to the momentum k; by

S(A1,\) =

ik a(u) B sinh(\ + )
~ b(u)  sinhA ]

A = coshn.

For M particles, the coordinate Bethe ansatz assumes an eigenvector of the form
E 1/1<I'1,"',.TM)|.T1,"',ZL'M>
1<zi<zo<-<zp <N

with wave function
M

Y(xy, - o) = Z AUHe"kW)””J'.

gESM 7j=1

All amplitudes are determined by the scattering relation

Consistency of different decompositions of the same permutation is precisely the factor-

ization principle behind the Yang-Baxter equation
512513523 = 523513512

Now send the j-th particle once around the periodic chain. It picks up a free phase

eV and scatters with every other magnon. Periodicity gives

eV =TSOy = M)
k£
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which is exactly the Bethe equation.

sinh(\; 4+ 7)1 B H sinh(A; — A\x + 1)
sinh(\;) ~ Llsinh(\ — M\ — 1)

#J
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6 The Hubbard Model

Contents
6.1 Fermion algebra and the Hubbard Hamiltonian . . . . . . .. .. .. .. 112
6.2 Mott physics . . . . .. 113
6.3 Thet-Jmodel . . . . . . . .. .. 114
6.4 RVB . . . . 117
6.5 Mean-field theory . . . . . . . ..o 119

The Ising model and six-vertex model are classical lattice models. Their mathe-
matical structure is already rich: transfer matrix, dualities, exact free energies, Yang-
Baxter equations, and Bethe ansatz. We next consider the Hubbard model which intro-
duces quantum fermions, spin, charge, and local interaction in the simplest possible way.
This model was introduced independently in related form by Hubbard, Kanamori, and
Gutzwiller in the early 1960s. The basic Hamiltonian is

H=—-t Z () cio + c}ocw) + UZ Ny -
(i.3).0 i

Here t is the nearest-neighbor hopping amplitude, and U is the on-site interaction. The
T

operators ¢, creates an electron of spin o € {1, ]} at lattice site i, while n;, = clgcw is

the number operator. This model is important for several reasons such as:

o It is the simplest lattice model of interacting electrons.
o At half filling and large positive U, it gives a Mott insulator and antiferromagnetism.
e In one dimension it is exactly solvable by the nested Bethe ansatz.

« For negative U, it gives a clean lattice model of Cooper pairing and BCS supercon-

ductivity.
Basically,
Hubbard model = Kinetic hopping + local Coulomb repulsion

The competition between the two terms is the essential physics. The hopping term tries
to delocalize electrons and form bands. The interaction term penalizes double occupation

and tends to localize charge.

t t t
———o—ro—e

hopping delocalize electrons

on-site cost U.
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6.1 Fermion algebra and the Hubbard Hamiltonian
Fermionic creation and annihilation operators satisfy the anti-commutator relations
{Cig, C;r-o_/} = 52']'500/, {Cz'o; Cjo’} = {C;-LU, C;a/} = 0.
The local Hilbert space at one site is four dimensional with basis:
0), 1) =cllo), ) =c]l0), 1) =clc][o).
Let H; denote such Hilbert space at site i. The full Hilbert space is the tensor product

®9c,;.

The number operator at site 7 is

_ T
Nje = C;;Cio-

n;4+ counts the number of 1 at site 7, and n;| counts the number of | at site i.

Definition 6.1. Let A be a finite graph with vertex set also denoted by A. We write

(1, 7) for un-ordered nearest-neighbor edges. The Hubbard Hamiltonian on A is

H=—t (cjacjg + c}(,cw) + UZ”iTnu — Z Nio-
<Z',j>,U i 0,0

Here t > 0 is hopping, U is the on-site interaction, and p is the chemical potential.
o U > 0: double occupation |1]) is penalized.
e U < 0: double occupation is favored and the model supports pairing.
The chemical potential is coupled to the total particle number
N = an = Znn—i—nu.
The particle number is conserved for the Hubbard Hamiltonian,
[H, N] = 0.
Define the spin operator at site ¢
|
Si = 5 Z c;ra&'agcw
Q,B
where 7 = (07, 0¥, 0%) are Pauli matrices. They satisfy su(2) commutation relations
1
(52,8 = sees:.
2
Denote the total spin
which satisfies the same su(2) commutation relation.
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Proposition 6.2 (Spin SU(2) symmetry). The Hubbard Hamiltonian satisfies
[H,S5% =0, a=1z1v,z.

Example 6.3. Consider two sites and two electrons (N = 2). We omit the chemical
potential (u = 0). The two electron states decompose into SU(2) multiplets. The spin-
triplet states

1A D+, )

have energy H = 0. The singlet

) = —=(1, ) — 11 1)

mizes with .
= EUN, 0) +10,1))-

In the basis |S), | D), the Hamiltonian is

D)

The lowest eigenvalue is

Foru>t,

4t
u

So the singlet energy is lower by —% than triplet. This is the simplest derivation of

anti-ferromagnetic exchange.

6.2 Mott physics

Set t = 0 and consider the atomic limit
Hat = Uannw — ,MZ(TZZT + TZw).

The one-site energies are

State | particle number | energy
|0) 0 0

1), 1) 1 s
1) 2 U -2
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Definition 6.4 (Half filling). For a lattice with L sites, half filling means
N=1L
Equivalently, the average number of electrons per site is one.

At half filling one usually takes p = U/2 (see Section 6.5). Then
E0)=0, E(1)=-U/2, E(2)=0.

For U > 0, the singly occupied states are lowest. Thus at half filling and ¢ = 0, the ground
state manifold consists of all spin configurations with one electron per site. Charge is
frozen, but spin remains free.

The elementary charge excitation creates a doubly occupied site. In the atomic limit
this costs energy of order U. Therefore, even though band theory predicts a metal at half

filling, interactions produce an insulating state. This is the Mott mechanism.

6.3 The t-J model

One key physical regime of Hubbard model is
U>t.

In this regime double occupation costs a large energy U. Therefore at low energies the
system avoids doubly occupied sites. Nevertheless, electrons can still move when holes are
present, and virtual hopping processes generate spin exchange. We derive the effective
low-energy model in this regime, which is the t-J model.

To describe the exclusion of double occupancy, we introduce the Gutzwiller projec-
tion

P = H(l — NipNiy).
The projected Hilbert space at each site 7 is
PH; = Span{|0),, [1);, 1), }-
The projected electron operators are

éio - PCZ'UP - Cia(l - ni,—a)

é;‘ro = PC;FUP = C;ra<1 - ni,—U)

They annihilate any process that would create double occupancy.

Let us write the Hubbard Hamiltonian as
Hyw, =T + Hy
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where

T=—t Z (czgcj(7 + c;(,cw) , Hy= UZnZ-Tnu.
(4,),0 i

The projected hopping term is

(le

T =PTP=—t ) (el,¢jo+él,c0).
(i.),0
This term vanishes at exact half filling, where every site is singly occupied, but is nonzero

when holes are introduced.
T P
The projected on-site repulsion vanishes

PHy,P = 0.

Let us denote
Q=1-P.

The operator () projects to states with at least one double occupancy, and therefore has
energy of order U. So we can invert Hy on Im(Q).

We decompose the Hilbert space as

ImP®ImQ

s ™

low energy high energy

The Hubbard Hamiltonian takes the block form

P (PHHubP PHHubQ> B <PTP PTQ )
"\ QB P QHuwQ)  \QTP QTQ+QHLQ)

The low energy effective Hamiltonian is an operator
Hg:Im P —Im P
that reproduces the same spectrum in the low energy regime
Spec(He) = low energy Spec(Hyy)-
This can be described by the resolvent relation
(2 — Heg) ' = P(z — Hy,) 'P  at low energy
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which leads to

He(z) = PHyuw, P + PHyuurQ(2 — QHuupQ) ™' Q Huu P
= PTP+ PTQ(z — QHyQ — QTQ) ' QTP.

For U > t, low energy satisfies 2 < U, so
(2 = QHyQ - QTQ)™" = —(QHyQ)™" + O(t/U?).
Therefore the effective Hamiltonian through order t*/U is
H.¢ = PTP — PTQHLUQTP + O(t*/U?).
If the intermediate states have exactly one double occupancy, then QHyQ) = UQ. So
H.¢ = PTP — %PTQTP + O(t*/U?).
Proposition 6.5. On a nearest-neighbor bond (i, j),

|

where T;; = —t ZU(CZ;CJ‘U + c}acw).

Proof: Let us denote
®; = PT,QT;; P,

If one of the two sites is empty, hopping T;; does not create double occupancy. Hence @

kills the result. Thus the only nonzero action of ®;; is on the two-electron sector

D, mh, B

The SU(2) triplet states are
1
V2

For |ty), T;;|t+) = 0 by Pauli exclusion. For |¢), the two virtual hopping cancel by signs

it =111, ) =1L, ) = =00+ 1)

PT;QT;; Plto) = 0.

Thus ®;; = 0 on triplet states.
The SU(2) singlet state is

) = (11, 4) = 11 1),
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Direct computation of the virtual hopping gives
Cbz‘j|8> = 4t2|8>

On the other hand
Lo —3/4 Singlet
5.3 / g

i) =
1/4  triplet

The proposition follows. Il
By Proposition 6.5, we find
Heg = Hy s+ Ot /U?)

where
Hi;=—t <Z>: P(cl cjo + c »Cio) P + JZ < —nmj) . J = T
ij

is the Hamiltonian of the t-J model.

Note that the anti-ferromagnetic exchange J = 4¢2/U is not put into the Hubbard
model by hand. It is generated dynamically by virtual charge fluctuations. At half-filling,
each site is occupied by a single electron. The hopping term vanishes due to forbidden of

double occupancy. The t-J Hamiltonian becomes the Heisenberg model

- = 1 4¢*
JZ(S,S)—Q, J=1r

Regime Low-energy model Physics

U > t, half-filling Heisenberg model anti-ferromagnetism

U > t, finite hopping t-J model holes in spin background
o— 0 o o holes
o o o »oinglet bond
®) ©) O
6.4 RVB

We have seen that at half filling and strong coupling U > ¢, the low energy subspace

has one electron per site, and virtual hopping produces anti-ferromagnetic superexchange
| 4¢*
J(Z;(SZSJ—ZTLZTZ]) s J = 7
27‘7
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Upon doping the Mott insulator, the low energy effective theory is the t-J model
|
Ht,J = —t Z P(C;rong + C;[-UCiU)P —+ JZ (SZ . Sj — Z?”Lﬂ”%)
(i.g).0 (i.5)

where P is the Gutzwiller projector
P = H(l — niTnu).

The anti-ferromagnetic term has an especially important form in the singlet channel.

Define the nearest-neighbor singlet creation operator

1
.|.
By = ﬁ(cgrch —clycly).

The corresponding singlet is
1
V2

Proposition 6.6 (Exchange as a singlet attraction). On the P-projected Hilbert space,

lij) = BLI0) = —([1ids) — [4iti)

L1
Si . Sj — Zninj = —BJJB”

Proof: S - §j — }lnmj has eigenvalue —1 on the spin singlet and 0 on the triplets. ]

Thus the exchange term can be written as
S |
(i.5) (i.5)

The anti-ferromagnetic coupling can be read as an attraction in the nearest-neighbor

spin-singlet bond.

L
V2

A valence-bond state is a product of such singlet bonds pairing sites in a lattice.

(Iids) = [ats))-

Oo——O

Oo——O
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Let A be a set of N sites with IV even. A valence-bond covering D is a partition of

A into unordered pairs (i, 7). The corresponding valence-bond state is
D)= 11 Bjl0).
(¢,5)eD
The resonating valence bond (RVB), introduced by Anderson in the context of

Cuprates, is a quantum superposition of valence-bond covering;:
|WryB) = ZA(D)|D>-
D

The phrase “resonating valence bond” means that the ground state is not one fixed
pattern of dimers but a coherent superposition of many singlet coverings. RVB theory
was proposed as a way in which a quantum anti-ferromagnet may avoid conventional
magnetic order. The system fluctuates among singlet pairings. In some setting this gives

a quantum spin liquid.

6.5 Mean-field theory

The Hubbard model is an interacting many-body problem that is generally hard to
solve in dimension d > 2. Mean-field theory is a systematic approximation in which
an interacting many-body problem is replaced by an effective one-particle problem in a
self-consistent background field. The general idea of mean field theory is as follows.

Suppose we have two operators A and B. Write

A=(A)+0A, B=(B)+B.

Then
AB = (A)(B)+ (A)0B + (B) A+ JAJB.
Mean-field theory neglects the quadratic fluctuation term
0AOB =~ 0.

Hence

AB~ A(B)+ (A) B—(A)(B).

The expectation values appearing in the approximate Hamiltonian are not arbitrary ex-
ternal parameters. They must be computed in the ground state, or thermal state, of the
same approximate Hamiltonian. This leads to certain consistency condition.

In the Hubbard model

H=—t Z (cl;cja + c}acw) +U Z NN — ,uz n;

<7/7j>70— 1/
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where

T _
Nic = C;;Cio Ny = Nyp + n;,.

The difficult part is the quartic interaction
U U AR
Define
Pir = <nn> y  Pil = <"z¢>
Then the mean field approximation is
nitniy, A iy (nay) 4 (i) nay — (nay) (nay) -
The corresponding mean-field Hamiltonian is
Hyr = —t Y (clycjo + chytic) + U D (pinir + pirniy — pipi) — i1y mie
(i,4),0 i i
This Hamiltonian is now quadratic in the fermion operators.

It is often clearer to introduce local charge density and local magnetization:

pi = (i) . my = (ng —ny)

ao
_pitmy Py
Pit = 2 y  Pil = 9 :
Then
2 2
i — M i i ; —m; i i 1
nin, ~ © 2m nit + %”w - % = %ni - %(”iT —n;y) — 4_1(’0? —ms).

Since S7 = 1(ny — nyy), this can be written as

i 1
MM =2 %nz —m;S; — Z(P? - mf)

This interaction creates an effective site-dependent magnetic field proportional to Um,.

Anti-ferromagnetic mean-field at half filling

The most important mean-field solution of the repulsive Hubbard model on the
square lattice is anti-ferromagnetic order at half filling. The square lattice is bipartite: it
decomposes into sublattices A and B such that nearest-neighbors of A lie in B and vice

versa.

°
|
W =

o
|
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At half filling, we have p; = 1. The system naturally tends toward anti-ferromagnetic

order. We take the simplest anti-ferromagnetic pattern:

+m 1€ A
m; =
-m 1€ B

Let R; = (x;,y;) € Z? denote the position of i-th site. Let Q = (7, 7). Then we have
m; = @R,
At half-filling, there is a special particle-hole symmetry that exchanges
electrons «— holes

Here a hole means absence of an electron. On the bipartite square lattice, the particle-hole

transformation is

Cig — ( 1)1 ;ra
where
. i +1 i€ A
(1) = 0 = |
-1 7¢B

The number operator transforms as
Nie — 1 — Ny
So electrons become holes. The interaction term changes
Unyniyg — Unynyg —Un; +U
and the chemical potential term changes
—png = —2p+ pn;

The hopping term is invariant
H, — H,.

Combining the above transformed terms, the Hamiltonian becomes invariant if
1
==U.
H= 3
This is the special half-filled point. At this point, the mean-field Hamiltonian becomes
HMF: —t Z (CT C’U+CT‘ Cza ﬂznz—'—UZ plnz m nZT nzi)_l(pQ_m2)
; > 10 -] Jjo 4 [ 7
1,7),0

i Um?
=—t Z cwcﬂ, + cjacw — —mz ‘(ngp —niy) + N 1

(i,9),0
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This mean field Hamiltonian can be diagonalized in the momentum space. Consider

the Fourier transform

ik-R; —ik-R; ~t

L z P L 1
cw—m;e Ckoy Ciy \/N;G Cry -

The hopping term can be written as

Z €ké,tgéko , e, = —2t(cos ky, + cos ky).

The mean field interaction

3

Thus
A? Um

HMF:Zskélaéka_AZOéL+Q,aékU+NF s A:T
k,o k,o

The sum k is over the dual site in the Brillouin zone
<k, <m, —-w<k,<m.

Because k is coupled with k + @) above, we let RBZ be the reduced Brillouin zone under
the identification k ~ k + Q). Thus

Ek —cA é]w AQ
Hyp = (@T el ) + N—.
MF Z ko “k+Q,o oA €10 Crioo U

kERBZ,o
For the nearest-neighbor square lattice
Ck+Q = ~Ek

Hence

whose eigenvalues are

:l:Ek = :E\/é'z + A2.

Thus the Fermi Surface becomes gapped, and anti-ferromagnetic order creates an insu-
lating state. At half-filling and zero temperature, the lower band — FE}, is filled and the
upper band +FEj, is empty.
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Ek

Now we consider the self-consistency. The order parameter is

NZ nzT_nzi NZ <Ck+Qngo>-

From the 2x2 Hamiltonian

we find

where
T P4
is the Fermi function. At T'— 0, 8 — o0
At R O'A
<Ck+Q,O'CkU> _> 2Ek .
Thus at zero temperature

1 A 1
mey X H-F 2 5
cRB

kERBZ,o 2

But A = UTm For m # 0, we find

kezm:gz VER+ A2

This is the Hubbard anti-ferromagnetic mean-field gap equation. This equation is directly

analogous to the BCS gap equation, but the gap is an anti-ferromagnetic particle-hole

gap rather than a superconducting particle-particle gap.
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