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1 Contact Geometry
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Classical mechanics is rooted in symplectic geometry. In a parallel fashion, contact

geometry provides the natural geometric framework for thermodynamics. For example,
thermodynamic phase space is a contact manifold, and equilibrium states are Legendrian
submanifolds whose generating functions give rise to thermodynamic potentials. In this
section we introduce the basic language of contact geometry and explain its connection
with thermodynamics.

1.1 Contact manifolds

Let M be an orientable manifold of odd dimension 2n + 1. Let ξ ⊂ TM be a sub-
bundle of rank = 2n. At each point x, ξx ⊂ TxM is a hyperplane in the tangent vectors
at x, hence can be written as:

ξx = Ker(αx)

where αx is a linear 1-form at x. Intrinsically, αx is a generator of the real line

(TxM/ξx)
∨ ↪→ (TxM)∨.

We will always assume ξ is orientable, which is equivalent to the triviality of the
line bundle TM/ξ. In this case we can always find a global 1-form α on M such that
ξ = ker α, i.e.:

ξx = Ker αx, ∀x ∈M.

Such α is defined up to a global rescaling: for any nowhere vanishing function λ : M →
R \ {0}, both α and λα lead to the same ξ.

Definition 1.1. The pair (M, ξ) is called a contact manifold if its defining 1-form α

satisfies:
α ∧ (dα)n 6= 0 everywhere on M .

Such α is called a contact form.
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1 CONTACT GEOMETRY Si Li

The contact condition says α ∧ (dα)n defines a volume form on M . Note that this
condition is a property of ξ and does not depend on the choice of α. In fact, for another
choice λα where λ :M → R \ {0}, we have:

(λα) ∧ (d(λα))n = λn+1α ∧ (dα)n.

Example 1.2. On R2n+1 with coordinates {qi, pi, z},

α = dz +
n∑

i=1

pidq
i

defines a contact 1-form. We have

dα =
n∑

i=1

dpi ∧ dqi

so α ∧ (dα)n is proportional to the standard volume form on R2n+1.

Example 1.3. Consider S2n+1 as the unit sphere in Cn+1,

S2n+1 =

{
(z0, z1, . . . , zn) ∈ Cn+1 |

n∑
j=0

|zj|2 = 1

}

Consider the following Liouville form λ = i
2

n∑
j=0

(zjdz̄j − z̄jdzj) on Cn+1. In terms

of real coordinates zj = xj + iyj,

λ =
n∑

j=0

(xjdyj − yjdxj).

Then α = λ|S2n+1 defines a contact 1-form. To see this, consider the Euler vector field

E =
n∑

j=0

(
xj

∂

∂xj
+ yj

∂

∂yj

)
along the radial direction normal to S2n+1. Since ιEdλ = 2λ, we find

α ∧ (dα)n =
1

2n+ 2
ιE(dλ)

1n+1|S2n+1 .

Since (dλ)n+1 is a volume form on Cn+1 and E is normal to S2n+1, we know α ∧ (dα)n

is a volume form on S2n+1.

Theorem 1.4 (Darboux Theorem). Let α be a contact form on M and p ∈ M . Then
there are local coordinates {x1, . . . , xn, y1, . . . , yn, z} near p such that:

α = dz +
n∑

j=1

xjdyj
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This can be proved similarly to the symplectic case via the Moser’s trick. Such
local coordinates will be called a Darboux coordinate of (M, ξ). By Darboux Theorem,
Example 1.2 can be viewed as the standard local model of contact manifolds. In Darboux
coordinates,

ξ = Span
{

∂

∂x1
, . . . ,

∂

∂xn
,

∂

∂y1
− x1

∂

∂z
, . . . ,

∂

∂yn
− xn

∂

∂z

}
.

1.2 Legendrian submanifolds

Let (M, ξ) be a contact manifold and α be a contact form. At any point x ∈M , dα|ξx
defines a skew-symmetric form on the tangent hyperplane ξx. By the contact condition,

(dα)n|ξx 6= 0.

Thus dα|ξx is non-degenerate on ξx. In other words, (ξx, dα|ξx) is a symplectic vector
space. This symplectic structure is well-defined up to a rescaling constant. In fact, for a
different contact form λα:

d(λα)|ξx = λdα|ξx = λ(x)dα|ξx

where we have used the defining relation α|ξx = 0.

Definition 1.5. A submanifold L of (M, ξ) is called an isotropic submanifold if TxL ⊂
ξx for all x ∈ L. In terms of the contact form α, this is equivalent to:

α|L = 0.

Let L be an isotropic submanifold. Then dα|L = d(α|L) = 0, hence TxL defines an
isotropic subspace of (ξx, dα|ξx). By standard linear algebra, this implies:

dim L ≤ n =
dim M − 1

2
.

Definition 1.6. An isotropic submanifold L of a (2n + 1)-dim contact manifold (M, ξ)

is called a Legendrian submanifold if dim L = n is of maximal dimension.

Example 1.7. Consider the standard local model R2n+1 with α = dz +
n∑

i=1

xidyi. Let

f = f(yi) be a function of yi. Then the equations

xi = −
∂f

∂yi
, z = f

define a Legendrian submanifold.
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More generally, given any partition of the set of indices {1, 2, . . . , n} into two disjoint
subsets I and J , and for a function ϕ = ϕ(xI , yJ), the (n+ 1) equations

xj = −
∂ϕ

∂yj
, yi =

∂ϕ

∂xi
, z = ϕ−

∑
i∈I

xi
∂ϕ

∂xi
, i ∈ I, j ∈ J

define a Legendrian submanifold L. Such ϕ is called a generating function of L.
Conversely, let L ⊂M be a Legendrian submanifold and assume {xI , yJ} = {xi, yj}i∈I,j∈J

defines a coordinate on L for some partition {I, J}. Thus L is defined by relations

xj = xj(xI , yJ), yi = yi(xI , yJ), z = z(xI , yJ), i ∈ I, j ∈ J.

Define the function
ϕ(xI , yJ) = z(xI , yJ) +

∑
i∈I

xiyi(xI , yJ).

By the Legendrian condition

dz +
∑
i∈I

xidyi +
∑
j∈J

xjdyj|L = 0

=⇒ dϕ =
∑
i∈I

yidxi −
∑
j∈J

xjdyj on L

=⇒ xj = −
∂ϕ

∂yj
, yi =

∂ϕ

∂xi
on L.

Thus ϕ is a generating function of L.

Example 1.8. Let L be a Legendrian Submanifold of (M, ξ). Then locally L is represented
by a generating function in Darboux coordinates.

Legendre transform of generating functions

Consider the standard contact manifold R2n+1, α = dz+
n∑

i=1

xidyi. Let L ⊂ R2n+1 be
a Legendrian submanifold. As shown in Example 1.7, L can be described by a generating
function. However, such generating function depends on a choice of coordinates on L.
Legendre transform relates generating functions in different coordinates.

For example, assume both {y1, . . . , yn} and {xI , yJ}i∈I,j∈J define coordinates on L.
Let f(y) be the generating function associated to {y1, . . . , yn} and f̃(xI , yJ) be the gen-
erating function associated to {xI , yJ}i∈I,j∈J . By Example 1.7

f = z|L viewed as a function in {y1, . . . , yn}

and
f̃ = z +

∑
i∈I

xiyi|L viewed as a function in {xi, yj}i∈I,j∈J .
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Under the coordinate transformation

{y1, . . . , yn} → {xi, yj}i∈I ,

the generating function transforms as

f → f̃ = f +
∑
i∈I

xiyi = f −
∑
i∈I

yi
∂f

∂yi
.

This is the standard form of Legendre transform. Thus the Legendre transform here
describes the same Legendrian submanifold in different parametrized coordinates.

1.3 Thermodynamic phase space

The simplest thermodynamical phase space of a system is a contact manifold with
coordinates {U, T, S, P, V } and contact form

α = dU − TdS + PdV.

Here

• u = Internal Energy

• T = Temperature

• S = Entropy

• P = Pressure

• V = Volume

Equilibrium thermodynamics corresponds to a Legendrian submanifold E such that

α|E = 0, i.e. dU = TdS − PdV.

This is the First Law of Thermodynamics. As we have learned, E can be described
by generating functions, which are called thermodynamical potentials. Different
parametrizations of E lead to different thermodynamical potentials.

1. Choose coordinates {S, V }.
The generating function is the internal energy U = U(S, V ). Then the Legendrian
condition dU = TdS − PdV leads to

T =
∂U

∂S
, P = −∂U

∂V
.
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2. Choose Coordinates {T, V }.
The generating function F = F (T, V ) is obtained by Legendre transform

F = U − TS.

The Legendrian condition α|E = 0 becomes:

dF = −SdT − PdV

which leads to
S = −∂F

∂T
, P = −∂F

∂V
.

The thermodynamic potential F (T, V ) is called the Helmholtz free energy.

3. Choose Coordinates {S, P}.
The generating function H = H(S, P ) is obtained by Legendre transform:

H = U + PV

The Legendrian condition α|E = 0 becomes

dH = TdS + V dP

which leads to
T =

∂H

∂S
, V =

∂H

∂P
.

The thermodynamical potential H(S, P ) is called the enthalpy.

4. Choose coordinates {T, P}.
The generating function G = G(T, P ) is obtained by Legendre transform

G = U − TS + PV

The Legendrian condition α|E = 0 becomes

dG = −SdT + V dP

which leads to
S = −∂G

∂T
, V =

∂G

∂P
.

The thermodynamical potential G(T, P ) is called the Gibbs free energy.

Thus the four thermodynamical potentials U(S, V ), F (T, V ), H(S, P ), G(T, P ) and
the differential relations

dU = TdS − PdV

dF = −SdT − PdV

dH = TdS + V dP

dG = −SdT + V dP

8
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express the same Legendrian submanifold (equilibrium) in the thermodynamic phase
space via different parametrizations.

1.4 Thermodynamic metrics

Metric structures in thermodynamics capture various properties of physical quan-
tities (such as fluctuations) and exhibit interesting behaviors at phase transitions. We
discuss two thermodynamic metrics here.

1. Weinhold metric in the energy representation U = U(S, V )

g(W ) = ∇2U =
∂2U

∂S∂S
dSdS + 2

∂2U

∂S∂V
dSdV +

∂2U

∂V ∂V
dV dV

or in components g(W )
ij = ∂2U

∂Xi∂Xj , X i = (S, V ).

2. Ruppeiner metric in the entropy representation S = S(U, V )

g(R) = −∇2S = −
(

∂2S

∂U∂U
dUdU + 2

∂2S

∂U∂V
dUdV +

∂2S

∂V ∂V
dV dV

)
or in components g(W )

ij = − ∂2S
∂Y i∂Y j , Y i = (U, V ).

These two thermodynamic metrics are related by

g(R) =
1

T
g(W )

under the coordinate transformation.
Contact Riemannian geometry gives a beautiful unification of such thermodymaic

metrics. We will not dive into a detailed study of Contact Riemannian geometry, but
instead explain the relevant construction in this example of the thermodynmaical phase
space parmatrized by {U, T, S, P, V } with the contact 1-form α = dU − TdS + PdV .

Consider the non-degenerate symmetric form

Σ = dTdS − dPdV + α⊗ α.

Let L ⊂M be a Legendre submanifold and we consider the symmetric tensor Σ|L.

1. In the {S, V } coordinates and U = U(S, V ), we have

T =
∂U

∂S
, P =

∂U

∂V
.

Thus

Σ|L = d(
∂U

∂S
)dS + d(

∂U

∂V
)dV =

∂2U

∂S∂S
dS2 + 2

∂2U

∂S∂V
dSdV +

∂2U

∂V ∂v
dV 2 = g(W )

which is the Weinhold metric.
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2. In the (U, V ) coordinates and S = S(U, V ), the relation dS = 1
T
dU + P

T
dV gives

1

T
=
∂S

∂U
,

P

T
=
∂S

∂V
.

Thus

Σ|L = dTdS − d(P
T
· T )dV

= dT (dS − P

T
dV )− Td(P

T
)dV

= −Td( 1
T
)dU − Td(P

T
)dV

= −Td( ∂S
∂U

)dU − Td( ∂S
∂V

)dV

= T

(
− ∂2S

∂U∂U
dU2 − 2

∂2S

∂U∂V
dUdV − ∂2S

∂V ∂V
dV 2

)
= Tg(R).

which is Ruppeiner metric rescaled by the factor T .

This proves the relation Tg(R) = g(W ) and they are different parametrizations of the
tensor Σ|L.

1.5 Contact transformations

Definition 1.9. Let (M, ξ) be a contact manifold with contact 1-form α. A diffeomor-
phism ϕ :M →M is said to be a contact diffeomorphism if ϕ preserves ξ, i.e.

ϕ∗ξ = ξ.

In terms of the contact form α, this is equivalent to

ϕ∗(α) = λα

where λ is a nowhere vanishing function on M . If λ = 1, i.e. ϕ∗α = α, then ϕ is called a
strict contact diffeomorphism.

Example 1.10. Consider (R3, α = dz + xdy).

• Translation
ϕc : (x, y, z)→ (x, y, z + c), c ∈ R

is a strict contact diffeomorphism.

• Rescaling
ϕλ : (x, y, z)→ (x, λy, λz), λ ∈ R \ {0}

is a contact diffeomorphism but not strict if λ 6= 1.
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• Consider
ϕ : (x, y, z)→ (y,−x, z + xy).

We have ϕ∗(α) = d(z+xy)+yd(−x) = α, thus ϕ is a strict contact diffeomorphism.
Such φ is also called a Legendre transform.

Infinitesimally, assume a vector field X on M generates a one-parameter family of
contact diffeomorphisms. Then the infinitesimal form of preserving contact structure is

LXα = τα

where LX is the Lie derivative and τ is a function on M . Equivalently,

LXα ∧ α = 0.

Such vector field X is called a contact vector field.

Example 1.11. Consider (R3, α = dz + xdy).

• X1 =
∂
∂z

is a contact vector field generating the translation in z.

• X2 = y ∂
∂y

+ z ∂
∂z

is a contact vector field generating the rescaling transformation in
(y, z).

• X3 = y ∂
∂x
− x ∂

∂y
+ 1

2
(x2 − y2) ∂

∂z
is a contact vector field.

LX3α = dιX3α+ιX3dα = d(−x2+1

2
x2−1

2
y2)+ιX3dx∧dy = d(−1

2
x2−1

2
y2)+d(

1

2
x2+

1

2
y2) = 0.

Reeb vector field

Definition 1.12. There exists a unique vector field Rα satisfying

1) ιRαdα = 0

2) α(Rα) = 1

In fact, since dα|ξ is symplectic, condition 1) determines Rα up to a constant, and con-
dition 2) fixes the normalization constant. Rα is called the Reeb vector field.

Example 1.13. Consider (R2n+1, α = dz +
∑n

i=1 xidyi). The Reeb vector field is

Rα =
∂

∂z
.

Example 1.14. Consider S2n+1 ⊂ Cn+1 with contact form α = λ|S2n+1 where λ =
n∑

j=0

(xjdyj − yjdxj). The Reeb vector field is

Rα =
n∑

j=0

(xj
∂

∂yj
− yj

∂

∂xj
)

∣∣∣∣∣
S2n+1

.
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Proposition 1.15. Let λ be a function on M . Then

LλRαα = dλ.

In particular, the Reeb vector field Rα is a contact vector field.

Proof: LλRαα = dιλRαα + ιλRαdα = dλ.

Contact vector field v.s. Hamiltonian function

Let X be a contact vector field on M . It defines a function on M by

hX = ιXα.

The contact condition LXα = τα becomes dhX+ιXdα = τα. Applying ιRα to both sides,
we find Rα(hX) = τ . Thus

ιXdα = Rα(hX)α− dhX .

Now we have the combined equationsιXdα = Rα(hX)α− dhX

ιXα = hX

The first equation determines X modulo a vector along Rα, and the second equation
determines this ambiguity. Thus X is completely determined by hX .

Definition 1.16. Given a function h on M , the equationsιXdα = Rα(h)α− dh

ιXα = h

determines a unique contact vector field X, called the contact vector field associated to
the Hamiltonian function h.

Remark 1.17. In symplectic geometry, a Hamiltonian vector field only determines Hamil-
tonian functions up to a constant shift. In contact geometry, the above construction
shows that there is a one-to-one correspondence between contact vector fields and Hamil-
tonian functions

X ←→ hX .

Example 1.18. Consider (R3, α = dz + xdy). Let h = 1
2
x2 + 1

2
y2 be the Hamiltonian

function. The corresponding contact vector field X satisfiesιXdx ∧ dy = −dh

ιXα = h

which is solved by X = x ∂
∂y
− y ∂

∂x
+ 1

2
(y2 − x2) ∂

∂z
.
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1.6 Contact Hamiltonian equations

Let (M, ξ) be a contact manifold with contact form α and Reeb vector field Rα. Let
f be a Hamiltonian function on M , whose contact vector field is denoted by Xf . The
flow equations along the vector field Xf are called contact Hamiltonian equations.

To compare with the standard Hamiltonian equations in classical mechanics, let’s
consider

R2n+1, α = dz +
n∑

i=1

pidq
i, Rα =

∂

∂z
.

Let H = H(p, q, z) be the Hamiltonian function. The associated contact vector field XH

solves 
ιXH

(
n∑

i=1

dpi ∧ dqi) = (∂zH)α− dH

ιXH
α = H

Let us write XH = Ai ∂
∂qi

+Bi
∂
∂pi

+ C ∂
∂z

. Then the above equations become−Aidpi +Bidq
i = (∂zH)(dz + pidq

i)− dH

C + Aipi = H

which is solved by

Ai =
∂H

∂pi
, Bi = pi∂zH −

∂H

∂qi
, C = H − pi

∂H

∂pi
.

Thus the contact vector field associated to H is

XH =
∂H

∂pi

∂

∂qi
+ (pi∂zH −

∂H

∂qi
)
∂

∂pi
+ (H − pi

∂H

∂pi
)
∂

∂z
.

The Contact Hamiltonian equations are read by
q̇i =

∂H
∂pi

ṗi = −∂H
∂qi

+ pi
∂H
∂z

ż = H − pi ∂H∂pi

Remark 1.19. When H = H(q, p) does not depend on z, the first two equations becomeq̇i = ∂H
∂pi

ṗi = −∂H
∂qi

which is the standard Hamilton’s equations. The last equation is solved by

−z =
ˆ t

(piq̇i −H)dt

which is the Hamilton’s principal function.

13



1 CONTACT GEOMETRY Si Li

We now consider the time evolution of the Hamiltonian function H itself. From the
contact Hamiltonian equations

dH

dt
=q̇i

∂H

∂qi
+ ṗi

∂H

∂pi
+ ż

∂H

∂z

=
∂H

∂pi

∂H

∂qi
+ (−∂H

∂qi
+ pi

∂H

∂z
)
∂H

∂pi
+ (H − pi

∂H

∂pi
)
∂H

∂z

=H
∂H

∂z
= Rα(H)H.

The Hamiltonian is not conserved if Rα(H) 6= 0, in contrast to conservative system. FromLXH
α = Rα(H)α

ιXH
α = H

we find
LXH

(α ∧ (dα)n) = (n+ 1)Rα(H)α ∧ (dα)n.

In particular, the contact Hamiltonian flow does not preserve the volume form α∧ (dα)n

(the analogue of Liouville’s Theorem does not hold here). When Rα(H) < 0, this is a
dissipative system.

Example 1.20. Consider the contact Hamiltonian

H =
p2

2m
+ V (q)− γ

m
z

where V (q) is the mechanical potential and γ is a constant. The contact Hamiltonian
equations read

q̇ =
p

m

ṗ = −∂V
∂q
− γ

m
p

ż = − p2

2m
+ V (q)− γ

m
z

The first two equations give rise to

mq̈ + γq̇ +
∂V

∂q
= 0.

For γ > 0, this is the damped Newtonian equation with a friction force that depends
linearly on the velocity.

1.7 Jacobi bracket

In symplectic geometry, the algebraic structure on functions capturing dynamics is
the Poisson bracket. The analogue of Poisson bracket in contact geometry is Jacobi
bracket.

14



1 CONTACT GEOMETRY Si Li

Let X,Y be two contact vector fields. It is clear that their Lie bracket [X,Y ] is also
a contact vector field. Let CV ect(M) denote the space of smooth contact vector fields
on M . Then (CV ect(M), [·, ·]) forms a Lie algebra. Under the isomorphism

α : CV ect(M)→ C∞(M)

we have induced a Lie bracket on C∞(M) by

{f, g} = ι[Xf ,Xg ].α

This bracket {f, g} is called the Jacobi bracket. Using Cartan’s formula

ι[Xf ,Xg ]α =[LXf
, ιXg ]α

=LXf
g − ιXgLXf

α

=ιXf
dg − ιXg(Rα(f)α)

=ιXf
(Rα(g)α− ιXgdα)− ιXg(Rα(f)α)

=− ιXf
ιXgdα + fRα(g)− gRα(f).

Thus we find
{f, g} = −ιXf

ιXgdα + fRα(g)− gRα(f).

In local Darboux coordinates with α = dz +
n∑

i=1

xidyi, we have

Xf = ∂f
∂xi

∂
∂yi

+
(
xi

∂f
∂z
− ∂f

∂yi

)
∂
∂xi

+
(
f − xi ∂f

∂xi

)
∂
∂z

Xg =
∂g
∂xi

∂
∂yi

+
(
xi

∂g
∂z
− ∂g

∂yi

)
∂
∂xi

+
(
g − xi ∂g

∂xi

)
∂
∂z

and
{f, g} = ∂f

∂xi

∂g

∂yi
− ∂f

∂yi

∂g

∂xi
+ ∂zfxi

∂g

∂xi
− ∂zgxi

∂f

∂xi
+ f∂zg − g∂zf.

Proposition 1.21. The contact Hamiltonian equations associated to H is expressed in
Jacobi bracket by

ḟ = {H, f}+ fRαH.

In particular, Ḣ = HRαH.

Proof: The contact Hamiltonian equations read

ḟ =XH(f) = ιXH
df

=ιXH
(Rα(f)α− ιXf

dα)

=− ιXH
ιXf

dα +HRα(f)

={H, f}+ fRα(H).

15
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Remark 1.22. The Lagrange bracket is defined by

(f, g) = Xf (g) = {f, g}+ gRα(f).

The contact Hamiltonian flow is expressed via Lagrange bracket by ḟ = (H, f).

Proposition 1.23. The Jacobi bracket satisfies:

1) skew-symmetry: {f, g} = −{g, f}

2) Jacobi identity: {{f, g}, h}+ {{g, h}, f}+ {{h, f}, g} = 0

3) {f, gh} = {f, g}h+ g{f, h} − gh{f, 1} and {f, 1} = −Rα(f).

Thus the Jacobi bracket has all the properties of the Poisson bracket but the Leibniz rule.

Proof: 1) and 2) follow from the Lie algebra structure of (CV ect(M), [·, ·]). We prove 3).
The contact vector field of the constant function 1 is X1 = Rα and

{f, 1} = −ιXf
ιRαdα + fRα(1)−Rα(f) = −Rα(f).

Using {f, g} = Xf (g)− gRα(f), we have

{f, gh} =Xf (gh)− ghRα(f)

=Xf (g)h+ gXf (h)− ghRα(f)

={f, g}h+ g{f, h}+ ghRα(f)

={f, g}h+ g{f, h} − gh{f, 1}.

16
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2 Entropy and Partition Function
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2.1 Entropy in statistical thermodynamics

Entropy is one of the most important concepts in modern Science. There exist several
different kinds of entropy which are closely related.

In 1865, Clausius introduced the notion of entropy in thermodynamics to make the
Second Law mathematically precise. For a reversible process,

dS =
δQ

T

where T is the temperature and δQ is the amount of heat transferred to the system. For
systems of uniform pressure and temperature without composition change, the energy
change by the transferred heat and the work done by the system

dU = δQ− PdV.

Thus we find the fundamental relation for thermodynamic equilibrium

dU = TdS − PdV.

For a general process (possibly irreversible): dS ≥ δQ
T

. For isolated system, the
Second Law of Thermodynamics takes the form

∆S ≥ 0

and ∆S = 0 for reversible process. Thus the Clausius entropy is a macroscopic theory
and measures irreversibility.

In the 1870s, Boltzmann developped the statistical interpretation of entropy. The
Boltzmann entropy formula reads

S = kB logΩ

17



2 ENTROPY AND PARTITION FUNCTION Si Li

where Ω = number of microscopic configurations/states compatible with macroscopic
constraints. Here kB is the Boltzmann constant, kB = 1.380649× 10−23 joules/kelvin.

Consider gas in a container. The macroscopic parameters are volume V, pressure P,
and temperature T. A microstate consists of a description of the positions, momentums,
etc. of all particles. Boltzmann’s entropy describes the system such that all microscopic
configurations are equally likely, connecting the microscopic and the macroscopic views.

Boltzmann’s entropy describes a single macrostate. Gibbs reformulated statistical
mechanics in terms of ensembles of systems. The macroscopic state of a system is charac-
terized by a distribution on the microstates. Assume the system has a number of states,
each with a probability pi of being occupied. The Gibbs entropy formula is

S = −kB
∑
i

pi log pi.

When all states have equal probability pi = 1
Ω

, Gibbs entropy formula goes back to
Boltzmann entropy formula. In the continuous case, Gibbs entropy is

S = −kB
ˆ
ρ(x) log ρ(x)dx

where ρ(x) is the probability density.

2.2 Shannon entropy and information

In the 1940s, Shannon established information theory and introduced his information
entropy of a random variable based on Boltzmann’s H-theorem. Given a probability
distribution

∑
pi = 1 on a finite set X, the Shannon entropy is defined by

H(p) = −
∑
i∈X

pi log pi.

For a continuous distribution p(x),

H(p) = −
ˆ
p(x) log p(x)dx.

Shannon entropy matches Gibbs’ formula of entropy without the Boltzmann Con-
stant. The interpretation of Shannon entropy is that the information of an event of
probability p is

I(p) = − log(p).

Then the Shannon entropy H(p) =
∑
i

piI(pi) is the average amount of information for all

possible events. As Shannon shows, such information I(p) is uniquely determined (up to
a choice of base for the log) if we require appropriate continuity and the following natural
conditions:

18
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• Monotone decreasing:

p < q ⇒ I(p) > I(q), and I(1) = 0.

This says less probable events have more information, and sure events do not contain
information.

• Additivity:
I(pq) = I(p) + I(q).

This says for the combination of independent events, the total information is the
sum of their separate informations.

Proposition 2.1. Let p, q be two probability distributions. Then

λH(p) + (1− λ)H(q) ≤ H(λp+ (1− λ)q), for 0 ≤ λ ≤ 1.

This says that the Shannon entropy is a concave function of probability distributions.

Proof: Since −x logx is concave function on (0,+∞), by Jensen’s inequality

λH(p) + (1− λ)H(q) =
∑
i

(−λpi log pi − (1− λ)qi log qi)

≤
∑
i

−(λpi + (1− λ)qi) log(λpi + (1− λ)qi)

= H(λp+ (1− λ)q).

2.3 Relative entropy/Kullback-Leibler divergence

For two probability distributions p and q, there is a notion of relative entropy called
Kullback-Leibler (KL) divergence

DKL(p||q) =
∑
i∈X

pi log pi
qi
.

When q is the uniform distribution (qi = 1
N

where N is the cardinality of X),

DKL(p||q) = logN −H(p).

Proposition 2.2 (Gibbs’ inequality). The KL divergence is always nonnegative

DKL(p||q) ≥ 0.

The equality holds if and only if p = q.

19
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Proof: Since log is a strict concave function, by Jensen’s inequality∑
i

pi log qi
pi
≤ log(

∑
i

pi
qi
pi
) = log 1 = 0.

The equality holds when
q1
p1

=
q2
p2

= ... =
qN
pN

=⇒ p = q.

Corollary 2.3. The maximum of Shannon entropy is

max
p
H(p) = logN

where N = |X|.

Proof: Let q be the uniform distribution on X. Then 0 ≤ DKL(p||q) = logN −H(p).

Thus if we do not have further constraint, the largest Shannon entropy is related to
the Boltzmann entropy. Another way to see this is to look at the optimization problem:

max
p
H(p) subject to

∑
pi = 1.

Introduce a Lagrangian multiplier and consider

H(p, λ) = H(p)− λ(
∑
i

pi − 1).

Then at the maximum, we have

∂H(p, λ)

∂pi
= − log pi − 1− λ = 0 ∀i

⇒ p1 = p2 = ... = pN =
1

N
.

2.4 Maximum Entropy Principle

The maximum entropy principle, as stated in 1957 by Jaynes, says that we should
choose the distribution that maximizes the Shannon entropy under a given set of con-
straints. This principle interpreted statistical mechanics as statistical inference, and links
it naturally with information theory. We have seen one example above: if there is no fur-
ther constraint besides

∑
pi = 1, then the maximal entropy principle selects the uniform

distribution and the Boltzmann entropy.
Suupose we have a function ϕ : X→ R and impose a constraint that the average

〈ϕ〉 :=
∑
i

piϕi = c

20
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is fixed by a constant c. To find the maximum Shannon entropy given such constraint,
we introduce two Lagrangian multipliers

H(p, λ, µ) = H(p)− λ(
∑
i

pi − 1)− µ(
∑
i

piϕi − c)

and consider solving

∂H(p, λ, µ)

∂pi
= − log pi − 1− λ− µϕi, ∀i

=⇒ pi =
e−µφi

e1+λ
.

The constant λ is determined by the normalization condition
∑

i pi = 1. Thus we find

pi =
e−µφi∑
j

e−µφj

which is the Boltzmann distribution.
In thermodynamics, suppose ϕi = Ei is the energy of the state i. The thermal

equilibrium is achieved by maximizing the entropy subject to a constraint on its expected
energy

〈E〉 =
∑
i

piEi = c fixed.

In this case, the Boltzmann distribution reads

pi =
e−βEi∑
j

e−βEj
.

The constant β is related to the temperature by

β =
1

kBT
.

Note that the maximum entropy is achieved by the relation

dH = λd(
∑

pi − 1) + βd(
∑
i

piEi − c).

Inside the space of probability distributions (
∑

i pi = 1 holds), this relation simplifies

dH = βd〈E〉.

In terms of the Gibbs entropy S = kBH, this gives precisely the Clausius’ relation

dS =
1

T
d〈E〉.
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2.5 Partition function

Let us consider the thermal equilibrium that maximizes entropy S subject to the
constraint 〈E〉 = c. We will unify notations and write the Boltzmann distribution as

p(x) =
e−βE(x)´

X
e−βE(x)dx

.

When X is discrete, we use a discrete measure. The normalization factor

Z(β) =

ˆ
X

e−βE(x)dx

is called the partition function.
Amazingly, the partition function knows everything about the thermal system. For

example, the expected energy is

〈E〉 =
´
X
Ee−βEdx´
X
e−βEdx

= − ∂

∂β
logZ.

The Gibbs entropy is

S =− kB
ˆ
X

p(x) log p(x)dx

=− kB
Z

ˆ
X

e−βE(x)[−βE(x)− logZ]dx

=kB(logZ + β〈E〉)

=kB(logZ − β ∂

∂β
logZ).

This formula resembles that for a Legendre transform.
In fact, we define the free energy

F = − 1

β
logZ.

The above calculation can be expressed via free energy and expected energy by

S = −F
T

+
〈E〉
T
.

Now
F = 〈E〉 − TS

represents the Legendre transform from S to T .

2.6 Fisher information metric

Let D be the space of probability distributions on X

P = {p : X→ [0, 1]|
∑
i∈X

pi = 1}.
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We can view P as embedded in SN by the equation∑
i∈X

(
√
pi)

2 = 1.

This induces a metric on P by

ds2P =
∑
i

4(d
√
pi)

2 =
∑
i

dpidpi
pi

=
∑
i

pid log pid log pi.

Suppose we consider some statistical ensembles inside P parametrized by a finite
number of parameters Θ = {θ1, θ2, . . . , θn} and write p(x|θ) (x ∈ X) for the corresponding
probability density. Then ds2P leads to the Fisher information metric on the parameter
space

gαβ(θ) =

ˆ
X

p(x|θ)∂ log p(x|θ)
∂θα

∂ log p(x|θ)
∂θβ

dx =

〈
∂ log p(x|θ)

∂θα

∂ log p(x|θ)
∂θβ

〉
.

Equivalently, using
´
p(x|θ)dx = 1,

gαβ =

ˆ
χ

∂p(x|θ)
∂θα

1

p(x|θ)
∂p(x|θ)
∂θβ

dx

=
∂

∂θα

[ˆ
χ

∂p(x|θ)
∂θβ

dx

]
−
ˆ
χ

p(x|θ) ∂2

∂θα∂θβ
log p(x|θ)dx

= −
ˆ
χ

p(x|θ) ∂2

∂θα∂θβ
log p(x|θ)dx

= −
〈
∂2 log p(x|θ)
∂θα∂θβ

〉
.

Example 2.4. Consider the Boltzmann/Gibbs distribution.

p(x|β) = 1

Z(β)
e−βE(x).

We have
∂

∂β
log p(x|β) = −E(x)− ∂

∂β
logZ(β) = −(E(x)− 〈E〉).

Thus the Fisher metric

gββ = 〈(E(x)− 〈E〉)2〉 = V ar(E)

gives the variance of the energy fluctuation.

The Fisher metric is closely related to the entropy. Let θ0 be a chosen point in the
parameter space and let θ be close to θ0

θ = θ0 +∆θ,
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where ∆θ is small. Consider the relative entropy DKL(p(θ0)||p(θ)) which achieves mini-
mum at θ = θ0. Its Hessian matrix at θ = θ0 is computed by

∂

∂θj

∂

∂θk
DKL(p(θ0)‖p(θ))

∣∣∣∣
θ=θ0

=
∂

∂θj

∂

∂θk

ˆ
X

p(θ0) log p(θ0)
p(θ)

dx

∣∣∣∣
θ=θ0

=−
ˆ
X

p(θ0)
∂2

∂θj∂θk
log p(θ)

∣∣∣∣
θ=θ0

dx

= gjk(θ0).

The positivity of gjk(θ0) is related to the positivity of Hessian matrix at minimum. Thus
locally

DKL(p(θ0)||p(θ)) =
1

2

∑
j,k

gjk(θ0)∆θj∆θk +O(∆θ3).

Exponential Family

Consider the canonical ensemble arising from maximizing Shannon entropy under
the constraints

〈ϕα(x)〉 = const, α = 1, . . . ,M.

Here ϕα(x)’s are statistical quantities whose expectations are fixed. By the same argu-
ment as before, the ensembles are given by

p(x|θ) = e
−
∑
α

θαφα(x)
/Z(θ),

where
Z(θ) =

ˆ
X

e
−
∑
α

θαφα(x)
dx

is the partition function. Such probability distributions are called an exponential family.
Let

F (θ) = − logZ(θ)

be the free energy. Then
p(x|θ) = e−θαφα(x)+F (θ)

and
∂ log p(x|θ)

∂θα
= −ϕα(x) +

∂F

∂θα
= −ϕα(x) + 〈ϕα〉.

Thus the Fisher metric

gαβ(θ) = 〈(ϕα(x)− 〈ϕα〉)(ϕβ(x)− 〈ϕβ〉)〉 = Cov(ϕα, ϕβ)

represents the covariance matrix.
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On the other hand,
∂2 log p(x|θ)
∂θα∂θβ

=
∂2F

∂θα∂θβ
,

thus the Fisher metric can be also written as

gαβ = − ∂2F

∂θα∂θβ
.

The positivity of gαβ implies that F is a concave function of θα.
The Shannon entropy is

H(η) = −〈log p(x|θ)〉 = θαηα − F (θ)

where
ηα = 〈ϕα〉 =

∂F

∂θα
.

This represents the Legendre transform of F . In particular, H(η) is also a concave
function. Since

ηα =
∂F

∂θα
,

the Jacobian of the coordinate transformation θ → η is
∂η

∂θ
= ∇2F (θ).

Dually, the Jacobian of the coordinate transformation η → θ is

∂θ

∂η
= ∇2H(η)

It follows that ∇2F = (∇2H)−1. Hence the Fisher metric can be also expressed in the
dual coordinates ηα by

g = −(∇2F )αβdθ
αdθβ = dθαdηα = −(∇2H)αβdηαdηβ.

2.7 Examples

Classical ideal gas

We consider N particles in a container of volume V . Let (~qi, ~pi) represent the i-th
particle in the phase space and H(~q, ~p) denote the classical Hamiltonian. In the canonical
ensemble, the probability density on the phase space is

ρ(~q, ~p) ∝ e−βH(q⃗,p⃗)d3Nqd3Np.

We consider the ideal gas ignoring all interactions. The Hamiltonian is

H(~q, ~p) =
N∑
i=1

~p2i
2m

.
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Since d3qd3p has the unit of h3, where h is Planck’s constant, the appropriate volume
form on the phase space is

d3Nqd3Np

h3N
.

We assume the gas consists of indistinguishable particles and this will introduce an
additional 1

N !
factor. Then the partition function is

Z(V, T ) =
1

N !

ˆ
e−βH(q⃗,p⃗)d

3Nqd3Np

h3N
=

1

N !h3N

ˆ
e
−β

N∑
i=1

p⃗2i
2m
d3Nqd3Np.

The integral
´
d3Nq = V N computes the volume. On the other hand, for each i,
ˆ
e−

β
2m

p⃗2i d3pi = 4π

ˆ ∞

0

e−
β
2m

p2p2dp =

(
2πm

β

)3/2

.

Thus the partition function becomes

Z(V, T ) =
1

N !

[
V

(
2πm

βh2

)3/2
]N

.

We obtain the Helmholtz free energy

F (V, T ) = − 1

β
logZ(V, T ) = −N

β
log
(
V

N

(
h2β

2πm

)3/2
)

+
1

β
logN ! .

When N → +∞, we can approximate N ! using Stirling’s formula

N ! ≈
(
N

e

)N √
2πN

which leads to logN ! ≈ N logN −N . Thus for N is sufficient large,

F ≈ −N
β

[
log
(
V

N

(
h2β

2πm

)3/2
)
− 1

]
= −NkBT

[
log
(
V

N

(
h2

2πmkBT

)3/2
)
− 1

]
.

Using the fundamental relation

dF = −SdT − PdV

we can derive
P = −∂F

∂V
=
NkBT

V

which gives the classical result for ideal gas

PV = NkBT.

The entropy is given by

S = −∂F
∂T

= NkB

[
log
(
V

N

(
2πmkBT

h2

)3/2
)

+
5

2

]
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and the (expected) energy is

U = − ∂

∂β
logZ = F + TS =

3

2
NkBT.

Let us compute the corresponding Ruppeneir metric (see Section 1.4). The entropy
S = S(U, V ) is viewed as a function of U, V . We have

S = NkB

[
logV +

3

2
logU

]
+ const

=⇒ gUU = −∂2US =
3

2

NkB
U2

, gV V = −∂2V S =
NkB
V 2

, gUV = 0.

Thus the Ruppeneir metric is

ds2 =
3

2

NkB
U2

dU2 +
NkB
V 2

dV 2

and its curvature = 0.

Van der Waals gas

The ideal gas model ignores the size of each particle and interactions between them.
We can improve the result by approximating the above effects. First, we assume each
particle has a finite minimum volume b. Then the effective volume of the system is
V −Nb. Second, we assume each particle experiences a net attractive force to all other
particles. Based upon a mean field approximation, the energy associated to each particle
can be linearly approximated by E = −aN

V
. The partition function is improved to

Z =
1

N !

[
V −Nb
λ3

]N
e−βNE

where λ =
√

h2β
2πm

=
√

h2

2πmkBT
is also called the thermal de Broglie wave length. The

Helmholtz free energy becomes

F = − 1

β
logZ

Stirling
≈ NkBT

[
log
(

Nλ3

V − bN

)
− 1

]
− aN

2

V
.

The pressure is now improved to be

P = −∂F
∂V

=
NkBT

V − bN
− aN

2

V 2

i.e. (
P + a

N2

V 2

)
(V − bN) = NkBT.

This is the Van der Waals equation of state.
We can plot the isotherms for van der Waals gas in the P-V diagram.
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T increases

There are parts where the stability condition ∂P
∂V

< 0 is violated. This indicates phase
transition:

the locus : ∂P

∂V
= 0 (called the spinodal curve)

is the boundary separating different phases. The critical point appears at

∂P

∂V
= 0,

∂2P

∂V 2
= 0.

From the Van der Waals equation,

∂P

∂V
= − NkBT

(V − bN)2
+ 2a

N2

V 3

∂2P

∂V 2
=

2NkBT

(V − bN)3
− 6a

N2

V 4

Solving ∂P
∂V

= ∂2P
∂V 2 = 0, we find the critical point at

Vc = 3bN, Tc =
8a

27bkB
, Pc =

a

27b2
.

Let’s compute the Ruppeneir metric. We have the entropy

S = NkB

[
log V − bN

Nλ3
+

5

2

]
where λ =

√
h2

2πmkBT

and the energy
U =

3

2
NkBT − a

N2

V

Thus we can solve the relation S = S(U, V )

S = NkB

[
log(V − bN) +

3

2
log
(
U + a

N2

V

)]
+ const
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from which we can read off the metric

g
(R)
UU = − ∂

2S

∂U2
=

3NkB
2(U + aN2/V )2

g
(R)
UV = − ∂2S

∂U∂V
= − 3NkB

2(U + aN2/V )2
aN2

V 2

g
(R)
V V = − ∂

2S

∂V 2
=

NkB
(V − bN)2

− 3NkB
2

[
2aN2

V 3(U + aN2/V )
− a2N4

V 4(U + aN2/V )2

]
Let us compute the determinant

det(g(R)) = g(R)
uu g

(R)
vv − (g(R)

uv )2

=
3(NkB)

2

2(U + aN2/V )2

[
1

(V −Nb)2
− 3aN2

(U + aN2/V )V 3

]
=

2

3T 2

[
1

(V −Nb)2
− 2aN

kBTV 3

]
We find

det g(R) = 0 ⇐⇒ ∂P

∂V

∣∣∣∣
T

= 0

i.e. at the spinodal curve. The curvature becomes ∞.

Joule Effect

Consider the free expansion of gas

Gas Vacuum

Valve

Initial state (valve closed)

Final state (valve open, gas expanded)

from a smaller volume V1 to a larger volume V2. Since the gas expands freely, there is no
work done ∆W = 0. For insulated chambers, there is no heat transfer ∆Q = 0. Thus

∆U = 0
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during the process.
For ideal gas, ∆U = 0 implies that the initial and final equilibrium state has the

same temperature. This is not quite true since we expect the free expansion will cool
the gas. Let us instead consider Van der Waals gas. ∆U = 0 implies that the only effect
during free expansion is a transfer of energy between the potential energy and kinetic
energy of the particles. On the other hand, the entropy will increase. For Van der Waals
gas, the entropy is

S = NkB

[
log
(
V − bN
Nλ3

)
+

5

2

]
and the energy is

U = F + TS =
3

2
NkBT − a

N2

V
.

Thus the initial temperature T1 and final temperature T2 are related by
3

2
NkBT1 − a

N2

V1
=

3

2
NkBT2 − a

N2

V2

=⇒ T2 − T1 =
2aN

3kB

[
1

V2
− 1

V1

]
.

In particular, expansion in volume will cool the gas as expected. This formula gives the
right qualitative physics of the Joule effect, but only moderate quantitative accuracy –
good at low–moderate densities, poor near criticality or at high pressures.

Classical solid

Solids can be modelled by an ordered array of atoms on a lattice site. As a first
approximation, we can introduce a quadratic potential to trap the atom such that each
atom is described by a 3d harmonic oscillator with Hamiltonian

H(~p, ~q) =
~p2

2m
+
mω2

2
~q2.

The probability density in the canonical ensemble is

ρ(~q, ~p) ∝ e−βH(q⃗,p⃗)d3Nqd3Np.

Since these N atoms sit at different places and should be viewed as distinguishable
objects. Thus the partition function is

Z =

ˆ
e
−β

N∑
i=1

(
p⃗2i
2m

+mω2

2
q⃗2i

)
d3Nqd3Np

h3N
= (Z1)

N

where Z1 is the partition function for a single atom

Z1 =

ˆ
e
−β

(
p⃗2

2m
+mω2

2
q⃗2
)
d3qd3p

h3

=
1

h3

[(
2πm

β

)3/2(
2π

mω2β

)3/2
]
=

(
2π

βωh

)3

.
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Therefore
Z =

(
2π

βωh

)3N

.

The Helmholtz free energy is

F = − 1

β
logZ = −3N

β
log 2π

βωh
=

3N

β
log βωh

2π
.

The energy is
U = − ∂

∂β
logZ =

3N

β
= 3NkBT.

The entropy is

S =
1

T
(U − F ) = 3NkB

(
log 2πkBT

ωh
+ 1

)
.

The quantity
CV =

∂U

∂T

∣∣∣∣
V

= 3NkB

is called the heat capacity. This formula of CV gives the correct high temperature result
but not the correct low temperature result. At low temperature, we need quantum
mechanical correction.

Quantum ideal gas

We consider ideal gas of N quantum particles. Assume we have quantum states of
energies ε0, ε1, . . . , for each particle. Then the partition function can be written as

ZN =
∑
nj≥0

∞∑
j=0

nj=N

C(N ;n0, n1, . . . )e
−β

(
∞∑
j=0

njϵj

)

Here the summation means there are nj particles in the energy state εj. The combinatorial
coefficient C(N ;n0, n1, . . . ) is a statistical factor. For distinguishable particles,

Cdis(N ;n0, n1, . . . , n∞) =
N !

∞∏
j=0

nj!
.

There are three typical statistics for indistinguishable particles that play important roles
in statistical mechanics.

1. Maxwell-Boltzmann

CMB(N ;n0, n1, . . . ) =
Cdis(N ;n0, n1, . . . )

N !
=

1
∞∏
j=0

nj!

nj = 0, 1, 2, . . .
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2. Bose-Einstein
CBE(N ;n0, n1, . . . ) = 1

nj = 0, 1, 2, . . .

3. Fermi-Dirac
CFD(N ;n0, n1, . . . ) = 1

nj = 0, 1

In Bose-Einstein and Fermi-Dirac, each different configuration of occupation num-
bers {nj} corresponds to one possible state. For Bose-Einstein, nj can be arbitrary
nonnegative integer; for Fermi-Dirac, nj = 0 or 1 according to Pauli’s principle. At high
temperature, we expect all the occupation numbers to be nj � N (so approximately
nj = 0 or 1), and the above three statistics become equivalent at high temperature. At
low temperature, they have completely different behavior. We can also consider the grand
partition function

Z(V, T, µ) =
∞∑

N=0

ZNe
βµN =

∑
nj≥0

C
(∑

nj;n0, n1, . . .
)
e
−β

∞∑
j=0

nj(ϵj−µ)

Here µ is called the chemical potential.
For Maxwell-Boltzmann gas, the grand partition is

ZMB(V, T, µ) =
∞∏
j=0

exp(e−β(ϵj−µ))

and the grand free energy is

FMB = − 1

β
logZ = − 1

β

∞∑
j=0

e−β(ϵj−µ).

For Bose-Einstein gas, the grand partition is

ZBE(V, T, µ) =
∞∏
j=0

 ∞∑
nj=0

e−βnj(ϵj−µ)

 =
∞∏
j=0

1

1− e−β(ϵj−µ)

and the grand free energy is

FMB = − 1

β
logZ =

1

β

∞∑
j=0

log(1− e−β(ϵj−µ)).

For Fermi-Dirac gas, the grand partition is

ZFD(V, T, µ) =
∞∏
j=0

 ∑
nj=0,1

e−βnj(ϵj−µ)

 =
∞∏
j=0

(1 + e−β(ϵj−µ))

and the grand free energy is

FFD = − 1

β
logZ = − 1

β

∞∑
j=0

log(1 + e−β(ϵj−µ)).
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3 The Thermodynamic Limit

Contents

3.1 Phase transitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.2 Thermodynamic limit of lattice spin systems . . . . . . . . . . . . . . . . 37
3.3 Thermodynamic limit of continuous particle systems . . . . . . . . . . . 41

3.1 Phase transitions

Phase transitions describe situations in which the physics properties of a macro-
scopic system undergo a qualitative change as external parameters—such as tempera-
ture, pressure, or magnetic field—are varied. Such behavior is among the most striking
manifestations of collective behavior in many-body systems.

One such example is a simple fluid whose phase diagram is shown below. As the
temperature and pressure are varied, water can exist as a solid, a liquid or a gas.

P

T

C = Critical point

Tc

Pc

Solid
Liquid

Gas

Such three stable phases are separated by phase boundaries when two phases coexist.
When crossing the coexistence curve by changing the pressure or temperature, there is
a jump in the density and a latent heat of the state. This is a typical ”first-order phase
transition”.

As the temperature increases, the curve of liquid-gas coexistence will end at the
critical point C where the distinction between liquid and gas, such as the density, becomes
zero. At a temperature above Tc, one can pass from the liquid state to the gas state
without any discontinuity. The critical point is a typical ”second-order phase transition”.
The corresponding isotherms in the P − V diagram is shown below.
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V

P

Tc

C

1st order transition

Another typical example of phase transition is the ferromagnetic system. A ferro-
magnetic material (such as iron) consists of microscopic magnetic moments (spins) that
tend to align with each other due to interactions. It can be described by a residual
magnetization that remains when an external magnetizing field H is reduced to zero.

Formally, letM(T,H) denote the equilibrium magnetization in the external magnetic
field H at temperature T . Then the spontaneous magnetization can be described by

M0(T ) = lim
H→0+

M(T,H)

M0(T )

TTc

At low temperature, the spontaneous magnetization M0(T ) 6= 0 which characterizes
a ferromagnetic system. As the temperature is increased, M0(T ) decreases and finally
vanishes at a critical temperature Tc known as the Curie temperature. When T > Tc,
thermal fluctuation dominates and M0(T ) = 0.

Note that if we change the sign of the field H, the sign of M0(T ) changes. Thus the
phase diagram for a ferromagnetic can be shown as below.
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H

TH = 0
Tc

The boundary curve for phase transition looks very like the coexistence curve of
liquid-gas. If we plot the isotherms in the M −H plane, this picture is again similar to
the liquid-gas. This is not a coincidence as we shall see.

H

M

Tc

T > Tc

T < Tc

As we have discussed, various macroscopic physical quantities can be expressed by
the partition function

Z =
∑

e−βE

and its derivatives. Usually E will be an analytic function of parameters in the model.
Thus e−βE will be analytic.

Q: How can derivatives of Z exhibit discontinuity as in the phase transition phenomena?

If Z is a finite sum, this is impossible since a finite sum of analytic functions will
still be an analytic function. However, we are dealing with a huge number of particles
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3 THE THERMODYNAMIC LIMIT Si Li

like 1023 many. We can treat the partition function as a suitable limit and Σ becomes an
infinite sum. Mathematically, for an infinite sum,

d

dx

∑
6=
∑ d

dx

derivative may not commute with the sum. Thus it is possible for Z or its derivatives to
display discontinuity in parameters in the limit behavior.

What kind of limit shall we take? The physical considerations justify the so-called
thermodynamic limit. Consider a sequence of finite systems indexed by a region Λ ⊂
Rn. Let N = N(Λ) denote the number of particles inside Λ. Then the thermodynamic
limit is defined formally as:

• V →∞ (volume goes to infinity)

• N →∞

• the density N(Λ)
|Λ| = ρ is fixed.

The free energy per particle is defined by

f(β, V,N) =
F

N
= − 1

Nβ
logZ

It will be also convenient to consider

g(β, V,N) =
F

V
= − 1

V β
logZ = ρf

which can be viewed as the free energy density. Before we analyze the existence problem
of thermodynamic limit of f (or g) and its properties, let us look at some simple examples.

Example 3.1 (classical ideal gas). The partition function is

Z =
1

N !

[
V

λ3

]N
=
NN

N !

[
V

Nλ3

]N
where λ =

√
h2β
2πm

. Thus

1

N
logZ = log

(
V

Nλ3

)
+

1

N
log N

N

N !
.

In the thermodynamic limit, using Stirling’s formula

lim
V,N→∞

f =
1

β
(log(ρλ3)− 1)

lim
V,N→∞

g =
ρ

β
(log(ρλ3)− 1)
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Example 3.2 (Van der Waals gas). The partition function is

Z =
1

N !

[
V −Nb
λ3

]N
e−βNξ (ξ = −aN

V
)

and
1

N
logZ = log V −Nb

Nλ3
+ aβ

N

V
+

1

N
log N

N

N !
.

In the thermodynamic limit

lim
V,N→∞

f =
1

β

(
log λ3

ρ−1 − b
− 1

)
− aρ

Example 3.3. We consider a simple mathematical example to illustrate how discontinuity
can appear in the thermodynamic limit. Consider the following partition function

ZN(y) =
(1 + y)N(1− yN)

1− y

where y is the parameter of the model. It is clear that ZN(y) is analytic in y. Consider

g(y) = lim
N→∞

1

N
logZN(y) =

log(1 + y) if y < 1

log(1 + y) + log y if y > 1

g(y) is continuous but

y
∂

∂y
g(y) =


y

1+y
if y < 1

y
1+y

+ 1 if y > 1

displays a jump at y = 1 which can be viewed as a first-order phase transition. As we
will see, this is a special case of Lee-Yang theory.

3.2 Thermodynamic limit of lattice spin systems

Consider the d-dim lattice Zd. Let S be a finite set (e.g. S = {±1}) representing
the configuration at each site of the lattice. For each finite region Λ ⊂ Zd, we denote
ΩΛ = SΛ for all configurations on Λ. We use |Λ| for the number of sites inside Λ.

Z2

|Λ| = 7

Λ
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For any Λ, we associate a Hamiltonian function

HΛ : ΩΛ → R.

We assume HΛ has the form

HΛ(σ) =
∑
X⊂Λ

Φ(X, σX)

where Φ represents the interaction. For example, if Φ(X, ·) is only non-zero for |X| = 2,
then this represents a pair-wise interaction. The partition function on Λ is defined by

ZΛ =
∑
σ∈ΩΛ

e−βHΛ(σ)

and we denote the following free energy density

gΛ(β) =
1

|Λ|
logZΛ.

We make two assumptions on the interactions:

(A) Translation invariance:

Φ(X + y, σ(y)) = Φ(X, σ), ∀y ∈ Zd.

Here σ(y)(x+ y) = σ(x), ∀x ∈ X.

(B) Finite range: ∃R > 0 such that

Φ(X) = 0 if diam(X) > R.

Here diam(X) is the diameter of X.

This finite range condition can be relaxed by decay properties of Φ(X) when diam(X)→
∞. We will focus on finite range situations to simplify the discussion and illustrate the
main idea.

Definition 3.4. We write Λn ↗ Zd for an increasing sequence Λ1 ⊂ Λ2 ⊂ · · · ⊂ Λn ⊂ . . .

of finite regions such that
∞⋃
n=1

Λn = Zd. A sequence Λn ↗ Zd is called a Van Hove
Sequence if

|∂Λn|
|Λn|

→ 0

where ∂Λn is the boundary of Λn.

Example 3.5. The sequence of standard cubes

Qn = [−n, n]d ∩ Zd

is a Van Hove Sequence.
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Theorem 3.6. Assume Φ is translation invariant and finite range. Let Λn be a Van
Hove Sequence. Then P (β) = lim

n→∞
1

|Λn| logZΛn exists and is independent of the shape of
Λn.

Proof: Since Φ is translation invariant and finite range:

C0 := sup
x,σx

|Φ(x, σx)| <∞

NR := #{X 3 0 such that Φ(X) 6= 0} <∞

Step 1: Stability and Boundedness

For any finite region Λ,

|HΛ(σ)| =

∣∣∣∣∣∑
X⊂Λ

Φ(X, σX)

∣∣∣∣∣ ≤∑
y∈Λ

∑
X∋y

|Φ(X, σX)| ≤ C0NR|Λ|.

Thus
ZΛ =

∑
σ∈ΩΛ

e−βHΛ(σ) ≤
∑
σ∈ΩΛ

eβC0NR|Λ| = |S||Λ|eβC0NR|Λ|.

Similarly,
ZΛ ≥ |S||Λ|e−βC0NR|Λ|.

It follows that PΛ is uniformly bounded:

−βC0NR + log |S| ≤ PΛ ≤ βc0NR + log |S|

⇒ |PΛ| ≤ C1

for some constant C1 independent of Λ.

Step 2: Almost additivity

Let Σ1,Σ2 ⊂ Zd be disjoint and Σ = Σ1 ∪ Σ2. We can decompose the Hamiltonian
as

HΣ(σ) = HΣ1(σ) +HΣ2(σ) +Hint(σ)

where
Hint(σ) =

∑
X∩Σ1 ̸=∅
X∩Σ2 ̸=∅
X⊂Σ

Φ(X, σX)

represents terms that intersect both Σ1 and Σ2.

Σ1 Σ2

y1

y2

X
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Here for nonzero Φ(X) in Hint, ∃y1 ∈ X ∩ Σ1, y2 ∈ X ∩ Σ2 such that dist(y1, y2) ≤ R.
Define

∂aΣ = {x ∈ Σ | dist(x,Σ) ≤ a}.

Then y2 ∈ ∂RΣ1 and y1 ∈ ∂RΣ2. We have the estimate

|Hint(σ)| ≤
∑

y∈∂RΣ1

∑
X∋y

|Φ(X, σX)| ≤ |∂RΣ1|NRC0 ≤ C(R, d)|∂Σ1|NRC0

where C(R, d) is a constant depending on R and d. Thus there exists a constant C2

independent of Σ such that
β|Hint| ≤ C2|∂Σ1|.

so
e−C2|∂Σ1|ZΣ1ZΣ2 ≤ ZΣ ≤ eC2|∂Σ1|ZΣ1ZΣ2 .

We derive the following almost additivity property:

| logZΣ − logZΣ1 − logZΣ2 | ≤ C2|∂Σ1|.

Step 3: Tiling Estimate

Let Qm = [−m,m]d ∩ Zd be the Van Hove sequence of standard cubes. We fix m

and consider a tiling of Λn by Qm for n large enough.

Λn

Qm + xi
B

We can find disjoint translates Qm+x1, Qm+x2, . . . , Qm+xk ⊂ Λn and a remainder
set B ⊂ Λn such that

Λn =
k⋃

i=1

(Qm + xi) ∪ B

|B| ≤ C(m)|∂Λn|

where C(m) ∼ diam(Qm). By the almost additivity and translation invariance:

logZΛn =
k∑

i=1

logZQm+xi
+ logZB + En,m

= k logZQm + logZB + En,m
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where the error term

|En,m| ≤ C2k|∂Qm|+ C(m)|∂Λn| ≤ C2|Λn|
|∂Qm|
|Qm|

+ C(m)|∂Λn|.

Divide logZΛn by |Λn|, we find

PΛn =
k|Qm|
|Λn|

PQm +
|B|
|Λn|

PB +
En,m

|Λn|
= PQm +

|B|
|Λn|

(PB − PQm) +
En,m

|Λn|
.

Take lim sup
n

and use the boundedness of P and the Van Hove property:

lim sup
n

PΛn ≤ PQm + C2
|∂Qm|
|Qm|

which holds for any fixed m. Now we take lim inf
m

and use the Van Hove property of Qm

⇒ lim sup
n

PΛn ≤ lim inf
m

PQm .

Similarly, if we take lim inf
n

first

lim inf
n

PΛn ≥ PQm − C2
|∂Qm|
|Qm|

and then take lim sup
m

, we get

lim inf
n

PΛn ≥ lim sup
m

PQm .

It follows that lim
n
PΛn , lim

m
PQm exist and

lim
n
PΛn = lim

m
PQm .

The equality limn PΛn = limm PQm implies that the thermodynamic limit is independent
of the shape of the chosen Van Hove sequence.

Remark 3.7. The finite range condition can be relaxed to the absolutely summable con-
dition: ∑

X∋0

1

|X|
sup
σX

|Φ(X, σX)| <∞

The proof is similar. See [39].

3.3 Thermodynamic limit of continuous particle systems

We consider a classical continuous system of N particles in a finite region Ω ⊂ Rd

with Hamiltonian

HN =
N∑
i=1

~p2i
2m

+ U(~x1, ~x2, . . . , ~xN) ~xi ∈ Rd.
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The partition function reads

ZN(β,Ω) =
1

N !

ˆ
ΩN×RdN

e−βHN
d~xd~p

hdN

=
1

N !

[ˆ
Rd

e−β p⃗2

2m
d~p

hd

]N ˆ
ΩN

d~x1 . . . d~xNe
−βU(x⃗1,x⃗2,...,x⃗N )

=
1

λdN
YN(β,Ω)

where λ =
(

βh2

2m

) 1
2 and

YN =
1

N !

ˆ
ΩN

d~x1 . . . d~xNe
−βU(x⃗1,x⃗2,...,x⃗N ).

Let |Ω| denote the volume of Ω and

ρ =
N

|Ω|

be the particle density to be fixed in the thermodynamic limit. Let

g(β, ρ,Ω) =
1

|Ω|
logZN =

1

|Ω|
logYN − ρd logλ

and we are interested in the existence of its thermodynamic limit

g(β, ρ)
?
:= lim

|Ω|→∞
N=ρ|Ω|

1

|Ω|
logZN(β,Ω).

We follow the strategy as discussed in Fisher [13] and Ruelle [39].

Definition 3.8. We say the potential U is stable if there exists B > 0 such that

U(~x1, ~x2, . . . , ~xN) ≥ −BN ∀N.

We will give a class of stable pair interaction in Example 3.15 below.

Proposition 3.9. Assume U is stable. Then

g(β, ρ,Ω) ≤ ρ(1 + βB − log(ρλd))

is bounded from above.

Proof: For stable U,

YN ≤
|Ω|N

N !
eβBN ∀N.

Using logN ! ≥ N logN −N , we find

g(β, ρ,Ω) ≤ 1

|Ω|
[βBN +N log |Ω| −N logN +N ]− ρd logλ

= ρ
[
1 + βB − log(ρλd)

]
.
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Definition 3.10. Let ΦN1,N2 denote the following mutual potential

ΦN1,N2(~x
′
1, . . . , ~x

′
N1
; ~x′′1, . . . , ~x

′′
N2
)

=UN1+N2(~x
′
1, . . . , ~x

′
N1
, ~x′′1, . . . , ~x

′′
N2
)− UN1(~x

′
1, . . . , ~x

′
N1
)− UN2(~x

′′
1, . . . , ~x

′′
N2
).

We say U is tempered if ∃ε > 0, R0 > 0, A ≥ 0 such that

ΦN1,N2(~x
′
1, . . . , ~x

′
N1
; ~x′′1, . . . , ~x

′′
N2
) ≤ N1N2Ar

−d−ε

whenever |~x′i − ~x′′j | ≥ r ≥ R0 for all i = 1, . . . , N1, j = 1, . . . , N2.

Example 3.11. Assume the potential consists of pair interaction

U(~x1, . . . , ~xN) =
∑

1≤i<j≤N

φ(~xj − ~xi).

Then the mutual potential is

ΦN1,N2(~x
′
1, . . . , ~x

′
N1
; ~x′′1, . . . , ~x

′′
N2
) =

∑
1≤i≤N1
1≤j≤N2

φ(~x′′j − ~x′i).

If the pair interaction φ has the property

φ(~x) ≤ A

|~x|d+ε
for |~x| ≥ R0,

then U is tempered. In such case the tail
ˆ
|x⃗|≥r

φ(~x)d~x ≤ A

ˆ
|x⃗|≥r

d~x

|~x|d+ε

r→+∞−−−−→ 0

which says the positive part of the interaction energy at large distance is negligible.

Ω

Ω′ Ω′′R

Proposition 3.12. Assume U is tempered. Let Ω′,Ω′′ ⊂ Ω be two disjoint subdomains
of Ω separated by a distance R ≥ R0. Then

ZN ′+N ′′(Ω) ≥ ZN ′(Ω′)ZN ′′(Ω′′)e−N ′N ′′βA/Rd+ε

.
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Proof: We can split the integral in ZN(Ω)

ZN(Ω) =
λ−dN

N !

ˆ
ΩN

d~x1 . . . d~xNe
−βU(x⃗1,...,x⃗N )

≥ λ−dN

N !

∑
N ′+N ′′=N

N !

N ′!N ′′!

ˆ
(Ω′)N′

d~x′1 . . . d~x
′
N ′

ˆ
(Ω′′)N′′

d~x′′1 . . . d~x
′′
N ′′

e−βU(x⃗′
1,...,x⃗

′
N′ )e−βU(x⃗′′

1 ,...,x⃗
′′
N′′ )e−βΦN′N′′ (x⃗′

1,...,x⃗
′
N′ ;x⃗

′′
1 ,...,x⃗

′′
N′′ )

≥ ZN ′(Ω′)ZN ′′(Ω′′)e−βN ′N ′′A/Rd+ε

.

We will assume U is stable and tempered. Proposition 3.12 implies

g(β, ρ,Ω) ≥ |Ω
′|
|Ω|

g(β, ρ′,Ω′) +
|Ω′′|
|Ω|

g(β, ρ′′,Ω′′)− N ′N ′′

|Ω|
βA/Rd+ε

where
ρ =

N

|Ω|
, ρ′ =

N ′

|Ω′|
, ρ′′ =

N ′′

|Ω′′|
.

Ω
Ω1

N1

Ω2

N2

. . .
Ωm

Nm

In general, suppose we have disjoint subdomains

Ω1 ∪ Ω2 ∪ · · · ∪ Ωm ⊂ Ω

which are separated from each other by a distance R ≥ R0. Assume Ωi contains Ni

particles and ρi = Ni/|Ωi|. Let

ρ =
m∑
i=1

wiρi wi =
|Ωi|
|Ω|

.

By successively applying Proposition 3.12,

g(β, ρ,Ω) ≥
m∑
i=1

wig(β, ρi,Ωi)−
βA

|Ω|Rd+ε

m∑
i=1

Ni(Ni+1 + · · ·+Nm)

≥
m∑
i=1

wig(β, ρi,Ωi)−
βAN2

|Ω|Rd+ε

we obtain
g(β, ρ,Ω) ≥

m∑
i=1

wig(β, ρi,Ωi)− βAρ2
|Ω|
Rd+ε

. (†)
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Thermodynamic limit for standard cubes

Let Qk be a cube of length
lk = 2kl0.

Let Γk be a cube of length lk − 2hk where

hk = (2θ)kh0,
1

2
< θ < 1.

Qk

Γk

hk

lk

Now Qk+1 contains 2d many Qk’s and we place Γk inside Γk+1 as pictured

Γk+1

Γk

rk

hk+1

Such Γk’s are separated by a distance

rk = (lk+1 − 2hk+1)− 2(lk − 2hk) = 2k+2θk(1− θ)h0.

We choose h0 large enough such that rk ≥ R0 for all k ≥ 0.
We place a particle density ρ′ inside 2d−1 Γk’s and ρ′′ inside 2d−1 Γk’s inside Γk+1.

Applying the above inequality (†), we obtain

g(β, ρ,Γk+1) ≥
1

2
g(β, ρ′,Γk) +

1

2
g(β, ρ′′,Γk)− βAρ2ξk+1.
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Here
ρ =

1

2
ρ′ +

1

2
ρ′′

and

ξk+1 =
|Γk+1|
rd+ε
k

=

(
2k+1(l0 − θkh0)

)d
(2k+2θk(1− θ)h0)d+ε

≤
(

1

2εθd+ε

)k
(2l0)

d

(4(1− θ)h0)d+ε
.

We will choose 1
2
< θ < 1 such that 2εθd+ε = (2θ)εθd > 1. This implies

∞∑
k=1

ξk < +∞.

To prove the existence of thermodynamic limit, we set ρ′ = ρ′′ = ρ to get

g(β, ρ,Γk+1) ≥ g(β, ρ,Γk)− βAρ2ξk+1.

This implies that the sequence

yk = g(β, ρ,Γk) + βAρ2
k∑

i=1

ξi

is monotonic increasing. By Proposition 3.9, yk is bounded from above, so the limit

lim
k→∞

yk exists.

Hence the thermodynamic limit

g(β, ρ) := lim
k→∞

g(β, ρ,Γk) = lim
k→∞

yk − βAρ2
k∑

i=1

ξi

exists. Moreover, by taking the limit k →∞ of the relation

g(β, ρ,Γk+1) ≥
1

2
g(β, ρ′,Γk) +

1

2
g(β, ρ′′,Γk)− βAρ2ξk+1

we obtain
g(β, ρ) ≥ 1

2
g(β, ρ′) +

1

2
g(β, ρ′′)

which says that g(β, ρ) is concave in ρ.
To show the existence of thermodynamic limit of general Van Hove sequences and

independence of the shape of the domains, we can perform a similar tiling argument as
in the lattice case. We refer to Fisher [13] and Ruelle [39] for details.

Proposition 3.13. The thermodynamic limit g(β, ρ) has the following properties:

(1) g is a continuous concave function in ρ in a defining domain 0 ≤ ρ < ρmax (ρmax

could be +∞). In particular, the left and right derivatives

∂−ρ g := lim
δ→0−

g(ρ+ δ)− g(ρ)
δ

, ∂+ρ g := lim
δ→0+

g(ρ+ δ)− g(ρ)
δ

are finite and exist everywhere, and ∂−ρ g ≥ ∂+ρ g. The equality holds almost every-
where.
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(2) The free energy per particle

f(β, ρ) = − lim
N

1

Nβ
logZN = − 1

βρ
g(β, ρ)

is a non-decreasing function in ρ.

Proof: (1) g is concave, hence continuous in the interior of its defining domain. We
compute its limit at ρ = 0. Since

yk = g(β, ρ,Γk) + βAρ2
k∑

i=1

ξi

is non-decreasing,

g(β, ρ) ≥ g(β, ρ,Γk) + βAρ2
∞∑

i=k+1

ξi.

This implies
lim inf
ρ→0

g(β, ρ) ≥ 0.

On the other hand, the upper bound from stability

g(β, ρ) ≤ ρ(1 + βB − log(ρλd))

implies
lim sup

ρ→0
g(β, ρ) ≤ 0.

It follows that
lim
ρ→0

g(β, ρ) = 0.

(2) By concavity, for any 0 ≤ λ ≤ 1

g(β, λρ) ≥ (1− λ)g(β, 0) + λg(β, ρ) = λg(β, ρ)

=⇒ f(β, λρ) ≤ f(β, ρ)

Remark 3.14. Let v = 1
ρ

denote the specific volume. Then the pressure

P = −∂f
∂v

= ρ2
∂f

∂ρ

exists almost everywhere and ≥ 0. In terms of g

P = −ρ
2

β

∂

∂ρ

(
1

ρ
g

)
=

1

β

(
g − ρ∂g

∂ρ

)
thus

∂P

∂ρ
= − ρ

β

∂2g

∂ρ2
≥ 0 by concavity

i.e.
∂P

∂v
≤ 0.

So the pressure is non-increasing in v. The isotherm in the P − V diagram looks like
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v

P

Example 3.15. A potential function φ(~x) satisfying

φ(~x) = +∞ if |~x| ≤ r0

is called a hard core potential. This condition says that particles are not allowed to
approach each other within a distance of r0. We further assume

φ(~x) ≥ −f(|~x|) for |~x| ≥ r0

where

• f(r) ≥ 0 and decreasing

• f(r) satisfies ˆ +∞

r0

f(r)rd−1dr < +∞.

We show that a pair hard core interaction satisfying the above condition is stable.

In fact,

U(~x1, ~x2, . . . , ~xN) =
∑
i<j

φ(~xj − ~xi) =
1

2

N∑
i=1

(∑
j ̸=i

φ(~xj − ~xi)

)
.

We can assume |~xj − ~xi| ≥ r0 for all i 6= j. Then

U(~x1, ~x2, . . . , ~xN) ≥ −
1

2

N∑
i=1

∑
j ̸=i

f(|~xj − ~xi|).

Thus it suffices to prove
sup

|x⃗j−x⃗i|≥r0

∑
j ̸=i

f(|~xj − ~xi|) ≤ 2B.

Let us fix a particle xi = 0 and consider

S =
∑
j ̸=i

f(|~xj − ~xi|).

Let δ > 0 and we consider the shell

Ak = {~x ∈ Rd | kδ ≤ |~x| < (k + 1)δ}.
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Because of hard core, each particle ~xj occupies a volume v0 ∼ rd0. Thus the number
of ~xj’s inside the shell Ak is bounded by

#{~xj ∈ Ak} ≤
Vol(Ak)

v0
≤ C1

((k + 1)d − kd)δd

rd0
≤ C2k

d−1δd

for some constant C2 depending on d and r0. By the decreasing property of f(r)∑
x⃗j∈Ak

f(|~xj − ~xi|) ≤ f(kδ)#{~xj ∈ Ak} ≤ C2k
d−1δdf(kδ).

Summing up all shells Ak,

S ≤ C2

∑
k≥ r0

δ

f(kδ)kd−1δd ≤ C

ˆ +∞

r0

f(r)rd−1dr

as required for stability.
Now we impose a third condition

φ(~x) ≤ A

|~x|d+ε
for |~x| ≥ R0

for some R0 > r0, ε > 0, A ≥ 0. By Example 3.11, this condition implies that the
potential

U(~x1, ~x2, . . . , ~xN) =
∑
i<j

φ(~xj − ~xi)

is tempered. Thus, for such pair potential φ, the thermodynamic limit g(β, ρ) exists.
Note that the hard core condition implies that the defining domain of g(β, ρ) is

0 ≤ ρ < ρmax

for some ρmax < +∞ in this case.
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4 The Ising Model
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The Ising model is one of the simplest interacting systems in equilibrium statistical

mechanics. Let Λ ⊂ Zd be a finite region. For each site i ∈ Λ, one places a spin

σi ∈ {+1,−1}.

The Hamiltonian is
HΛ(σ) = −J

∑
⟨i,j⟩

σiσj − h
∑
i∈Λ

σi

where 〈i, j〉 denote nearest-neighbor pairs in Λ. J is the nearest-neighbor coupling. The
interaction is ferromagnetic for J > 0 and antiferromagnetic for J < 0. The constant h
represents external magnetic field.

This model was proposed by Wilhelm Lenz in 1920 and studied by his student Ernst
Ising. Ising proved that there is no phase transition in 1D at T > 0 and incorrectly
conjectured that this holds in higher dimensions. In 1944, Lars Onsager solved the 2D
Ising model (zero field) exactly which demonstrated the existence of a phase transition
at critical temperature Tc. Nowadays the 2D square-lattice Ising model is one of the
simplest statistical model to illustrate a phase transition and qualitative results for real
physical systems.

4.1 The one-dimensional Ising model

We start with solving the 1D Ising model. Consider a ring of N spins with periodic
boundary condition σN+1 ≡ σ1 (the difference between boundary conditions here becomes
negligible in the thermodynamic limit).

σ1 σ2 σi σN σN+1 = σ1. . . . . .
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The Hamiltonian for this periodic spin chain is

HN(σ) = −J
N∑
i=1

σiσi+1 − h
N∑
i=1

σi

and the corresponding partition function reads

ZN(β, h) =
∑

σ1,...,σN=±1

exp
(
βJ

N∑
i=1

σiσi+1 + βh

N∑
i=1

σi

)
.

4.2 Transfer matrix

This partition function can be computed via the method of transfer matrix. Let us
first rewrite

N∑
i=1

σi =
1

2

N∑
i=1

(σi + σi+1)

so

ZN(β, h) =
∑

σ1,...,σN

N∏
i=1

exp
(
βJσiσi+1 +

βh

2
(σi + σi+1)

)
.

Define the transfer matrix T indexed by σ, σ′ ∈ {±1} by

Tσ,σ′ = exp
(
βJσσ′ +

β

2
h(σ + σ′)

)
.

In the ordered basis {+1,−1},

T =

(
eβJ+βh e−βJ

e−βJ eβJ−βh

)
.

The partition function can be written as a trace

ZN = Tr TN .

The eigenvalues of the 2× 2 matrix T are

λ± = eβJ cosh(βh)±
√
e2βJ sinh2(βh) + e−2βJ .

Therefore
ZN = λN+ + λN−

and
FN = − 1

β
logZN = − 1

β
log
(
λN+ + λN−

)
.

The free energy per site is

fN(β, h) =
1

N
FN = − 1

βN
log(λN+ + λN− ).
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In the thermodynamic limit

f(β, h) = lim
N→∞

fN(β, h) = −
1

β
logλ+.

Since λ+ is analytic for every finite β and real h, the free energy f(β, h) is analytic.
This implies that there is no phase transition at T > 0 for 1D Ising model.

The internal energy per site is

uN = − 1

N

∂

∂β
logZN

and the specific heat is
cN =

∂uN
∂T

= kB
β2

N

∂2

∂β2
logZN .

In the thermodynamic limit

u = − ∂

∂β
logλ+, c = kBβ

2 ∂
2

∂β2
logλ+.

At h = 0, we have λ+ = 2 cosh βJ and

u(β, 0) = −J tanh βJ

c(β, 0) = kB(βJ)
2sech2βJ

Both are smooth in β and there is no singularity.

4.3 Magnetization

The total magnetization of a spin configuration is

M(σ) =
N∑
i=1

σi

and its expectation value can be computed by

〈M〉 =
∑

σ1,...,σN

M(σ)
e−βHN (σ)

ZN

=
1

β

∂

∂h
logZN = − ∂

∂h
FN .

The magnetization density is

mN(β, h) =
1

N
〈M〉 = − ∂

∂h
fN = 〈σi〉, for any i.

In the thermodynamic limit

m(β, h) = − ∂

∂h
f(β, h) =

1

β

∂

∂h
logλ+

=
1

β

∂

∂h
log
[
eβJ cosh(βh) +

√
e2βJ sinh2(βh) + e−2βJ

]
=

1

β

∂

∂h
log
[
cosh(βh) +

√
sinh2(βh) + e−4βJ

]
=

sinh(βh)√
sinh2(βh) + e−4βJ

.
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We analyze the spontaneous magnetization which is about the limit lim
h→0±

. We assume
J > 0 (ferromagnetism).

• At finite N , the Hamiltonian with zero field HN = −J
N∑
i=1

σiσi+1 is invariant under
the global spin-flip symmetry σi → −σi. Thus

lim
h→0±

mN(β, h) = mN(β, 0) = 0.

• In the thermodynamic limit

lim
h→0±

m(β, h) =

0 if β <∞

±1 if β =∞ or T = 0

h

m(β, h)

T > 0

T = 0

T = 0

So at zero temperature T = 0, the system will exhibit spontaneous magnetization.
This is expected since at T = 0, we have two ground states (in the case J > 0)

↑↑↑ . . . ↑ and ↓↓ . . . ↓

If we turn on external field h and gradually send it back to zero, the system will stay in
the ground state that aligns with the direction of h. In this case,

lim
h→0±

lim
N→∞

mN(+∞, h) 6= lim
N→∞

lim
h→0±

mN(+∞, h)

= =

±1 0

4.4 Correlation functions

The magnetization
mN(β, h) = 〈σi〉

is about the 1-point correlation function. In general, we can consider the n-point function

〈σi1σi2 . . . σin〉 i1 < i2 < · · · < in.
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2-point fucntion

The most important is the two-point function

〈σiσj〉

and its connected version
〈σiσj〉c := 〈σiσj〉 − 〈σi〉〈σj〉.

• If 〈σiσj〉c = 0, the fluctuations at different sites are uncorrelated.

• If 〈σiσj〉c decays slowly with |i− j|, the system has long-range order.

• If 〈σiσj〉c decays exponentially, correlations are short-ranged.

In the following, we show that the connected correlations in 1D Ising model decays
exponentially at any finite temperature T > 0. By the periodic boundary condition and
the translate invariance of the Hamiltonian function

〈σiσj〉 = 〈σ0σr〉 where r = |j − i|.

By definition

〈σ0σr〉 =
1

ZN

∑
σi

σ0σre
βJ

N∑
i=1

σiσi+1+
β
2
h

N∑
i=1

(σi+σi+1)
=

1

ZN

∑
σi

σ0σr

N∏
i=1

Tσi,σi+1
.

Introduce the 2× 2 matrix

S =

(
1 0

0 −1

)
.

Then the above two-point function can be written as

〈σ0σr〉 =
Tr(ST rSTN−r)

Tr TN
.

Let |±〉 be the two normalized eigenvectors of T

T |±〉 = λ±|±〉

so we have the spectral decomposition

T = λ+|+〉〈+|+ λ−|−〉〈−|.

Let us compute 〈σ0σr〉 in the thermodynamic limit N → +∞. In N → +∞, TN−r

and TN are dominated by

TN−r ∼ λN−r
+ |+〉〈+|, TN ∼ λN+ |+〉〈+|.
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Thus

lim
N→+∞

〈σ0σr〉 = lim
N→+∞

λN−r
+ 〈+|ST rS|+〉
λN+ 〈+|+〉

=
1

λr+
〈+|ST rS|+〉

=
1

λr+
(〈+|ST r|+〉〈+|S|+〉+ 〈+|ST r|−〉〈−|S|+〉)

= 〈+|S|+〉2 +
(
λ−
λ+

)r

〈+|S|−〉〈−|S|+〉

= 〈+|S|+〉2 +
(
λ−
λ+

)r

|〈+|S|−〉|2 .

Note that the one-point function is

m = lim
N→∞

〈σ0〉 = lim
N→∞

Tr(STN)

Tr TN
= 〈+|S|+〉

so

lim
N→∞

〈σ0σr〉 = m2 +

(
λ−
λ+

)r

|〈+|S|−〉|2 , lim
N→∞

〈σ0σr〉c =
(
λ−
λ+

)r

|〈+|S|−〉|2 .

Using S2 = I, we have

1 = 〈+|+〉 = 〈+|S2|+〉 = 〈+|S|+〉〈+|S|+〉+ 〈+|S|−〉〈−|S|+〉 = m2 + |〈+|S|−〉|2

=⇒ |〈+|S|−〉|2 = 1−m2.

Thus we find
lim

N→∞
〈σ0σr〉c = (1−m2)

(
λ−
λ+

)r

which decays exponentially as r → +∞. At zero field h = 0 and T > 0, we have

lim
N→∞

〈σ0σr〉c
∣∣∣∣
h=0

= (tanh βJ)r.

The correlation length ξ is defined by the decay property

〈σ0σr〉 ∼ e−r/ξ.

The above result shows
ξ =

1

logλ+/λ−
.

At zero field h = 0,
ξ = − 1

log tanh βJ =
1

log coth βJ
which is finite for any T > 0, and diverges as T → 0.
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n-point function

Now we move on to compute n-point function

〈σi1σi2 . . . σin〉 i1 < i2 < · · · < in.

By the same argument as before via the transfer matrix

〈σi1σi2 . . . σin〉 =
Tr(T i1ST i2−i1S . . . STN−in)

Tr TN
.

For simplicity, let us consider the case at zero field h = 0. In this case

T =

(
eβJ e−βJ

e−βJ eβJ

)
and the normalized eigenvectors are

|+〉 = 1√
2

(
1

1

)
, |−〉 = 1√

2

(
1

−1

)
with eigenvalues

λ+ = 2 cosh(βJ), λ− = 2 sinh(βJ).

The S-operator swaps two eigenvectors

S|+〉 = |−〉, S|−〉 = |+〉.

It follows that the n-point function is zero unless n = 2m even. This can be also seen by
the reflection symmetry σi → −σi at zero field h = 0.

Assume n = 2m is even. In the thermodynamic limit, we have

lim
N→∞

〈σi1σi2 . . . σi2m〉 = 〈+|T i1ST i2−i1S . . . T−i2m |+〉

= λi1+λ
i2−i1
− λi3−i2

+ . . . λ
i2m−i2m−1

− λ−i2m
+

=

(
λ−
λ+

)i2−i1 (λ−
λ+

)i4−i3

. . .

(
λ−
λ+

)i2m−i2m−1

=
m∏
j=1

(
λ−
λ+

)i2j−i2j−1

Note that the 2m-point function factors

lim
N→∞

〈σi1σi2 . . . σi2m〉 = lim
N→∞

〈σi1σi2〉〈σi3σi4〉 . . . 〈σi2m−1σi2m〉

which does not obey the Wick rule on summing over all pairings. For example, we have

lim
N→∞

〈σiσjσkσl〉 = lim
N→∞

〈σiσj〉〈σkσl〉, i < j < k < l.

This formula says that in 1D Ising model the information carried by a many-spin
product is transmitted along the chain in a completely ordered way. This reflects the
fact that the 1D Ising model has only nearest-neighbor coupling with only one spatial
direction and no loops.
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4.5 The two-dimensional Ising model

We move on to discuss 2D Ising model on the square-lattice. We focus on the zero-
field case (h = 0), which is classically exactly solvable.

Let ΛM,N ⊂ Z2 be an M ×N rectangular region. We put periodic boundary condi-
tions in both directions. A spin configuration on ΛM,N is described by

{σm,n} 1 ≤ m ≤M, 1 ≤ n ≤ N

and we will identify σM+1,n ≡ σ1,n and σm,N+1 ≡ σm,1 by the periodic boundary condition.
This can be also viewed as Ising model on the torus.

M

N

We consider the anisotropic nearest-neighbor Hamiltonian

H(σ) = −Jh
M∑

m=1

N∑
n=1

σm,nσm,n+1 − Jv
M∑

m=1

N∑
n=1

σm,nσm+1,n

where Jh represents the horizontal coupling and Jv represents the vertical coupling. The
standard isotropic model is the special case Jh = Jv = J . The partition function is

ZM,N(Kh, Kv) =
∑
σ

exp
(
Kh

∑
m,n

σm,nσm,n+1 +Kv

∑
m,n

σm,nσm+1,n

)

where we write
Kh = βJh, Kv = βJv.

The thermodynamic free energy density is

f(Kh, Kv) = −
1

β
lim

M,N→∞

1

MN
logZM,N(Kh, Kv).

Remarkably, Onsager [36] found the following exact formula for this free energy!

−βf = log 2 + 1

2π2

ˆ π

0

ˆ π

0

log
(

cosh 2Kh cosh 2Kv − sinh 2Kh cos θ1 − sinh 2Kv cos θ2
)
dθ1dθ2.
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4.6 Kramers-Wannier duality

Before deriving Onsager’s solution, we discuss a duality relation (Kramers-Wannier
duality) for square-lattice Ising model that will directly locate the critical temperature.

High temperature expansion

For two spin variables σ, σ′ ∈ {±1}, we have

eKσσ′
= coshK + σσ′ sinhK = coshK(1 + σσ′ tanhK).

Therefore

ZM,N = (coshKh coshKv)
MN

∑
σ

∏
m,n

(1 + σm,nσm,n+1 tanhKh)
∏
m,n

(1 + σm,nσm+1,n tanhKv).

When the products are expanded, a monomial in σ’s survives the spin sum if and only
if each spin appears with even degree. Such a spin configuration forms a closed bond
configuration Γ.

Γ : |Γh| = 16, |Γv| = 14.

Thus the partition function can be written as

ZM,N = (2 coshKh coshKv)
MN

∑
Γ

(tanhKh)
|Γh|(tanhKv)

|Γv |

where the summation is over all closed bond configurations and

|Γh| = #{horizontal bonds}, |Γv| = #{vertical bonds}.

Note that
tanhKh = tanh βJh, tanhKv = tanh βJv

which are small when β → 0 (i.e. T → +∞). Thus this formula can be viewed as the
high temperature expansion.
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black lattice dual←−→ white lattice

Low temperature expansion

The partition function ZM,N is formulated in a rectangular region ΛM,N in the lattice
Z2. We can consider the dual lattice by placing one dual vertex at the center of each face
in Z2, and drawing a dual edge crossing each primal edge in Z2.

At low temperature, Kh and Kv are large, and the dominant configurations are the
two ordered ground states: all spin +1 and all spin −1.

↑↑↑ . . . ↑ and ↓↓ . . . ↓

The corresponding contribution to the partition function is

e(Kh+Kv)MN .

For each spin configuration σ on ΛM,N , let

D(σ) = {nearest-neighbor (x, y) ∈ ΛM,N | σx 6= σy}

which will be called the set of disagreeing bonds. Let

D(σ)h ⊂ D(σ), D(σ)v ⊂ D(σ)

denote the subset of horizontal and vertical disagreeing bonds respectively.

+ + + + +

+ − + − +

+ − + + +

+ + + + +

D(σ)h = red D(σ)v = blue
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We can draw D(σ) in the dual lattice. Then D(σ) becomes a closed bond configu-
ration Γ∗(σ) in the dual lattice such that

D(σ)h ⇔ Γ∗(σ)v, D(σ)v ⇔ Γ∗(σ)h.

+ + + + +

+ − + − +

+ − + + +

+ + + + +

D(σ) in dual lattice

Comparing with the ground state, each horizontal disagreeing bond will increase the
Hamiltonian by 2Jh and each vertical disagreeing bond will increase the Hamiltonian by
2Jv. Thus a spin configuration σ contributes to the partition function by

e(Kh+Kv)MNe−2Kh|D(σ)h|−2Kv |D(σ)v |.

The summation over all spin configuration σ becomes the summation over all closed
bond configurations Γ∗(σ) in the dual lattice. Thus the partition function can be rewritten
dually as

ZM,N = e(Kh+Kv)MN
∑
Γ∗

e−2Kv |Γ∗
h|e−2Kh|Γ∗

v |.

Note that when T is small, Kh, Kv are large and so e−2Kv and e−2Kh are small. Thus
this formula can be viewed as the low temperature expansion.

For convenience, let us denote

Zred
M,N(Kh, Kv) :=

∑
Γ

(tanhKh)
|Γh|(tanhKv)

|Γv |

and
ψ(Kh, Kv) = −

1

β
lim

M,N→∞

1

MN
logZred

M,N(Kh, Kv).

We have

ZM,N = (2 coshKh coshKv)
MNZred

M,N
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and
−βf(Kh, Kv) = log(2 coshKh coshKv)− βψ(Kh, Kv).

By the dual description in the low temperature expansion

−βf(Kh, Kv) = Kh +Kv − βψ(K∗
v , K

∗
h)

where the dual coupling K∗
h, K

∗
v are defined by

tanhK∗
h = e−2Kh , tanhK∗

v = e−2Kv

which is equivalent to the symmetric form

sinh(2K∗
h) sinh(2Kh) = 1, sinh(2K∗

v ) sinh(2Kv) = 1.

This is the Kramers-Wannier duality relation. Under this duality, we have

log(2 coshKh coshKv)− βψ(Kh, Kv) = Kh +Kv − βψ(K∗
v , K

∗
h)

The duality map sends

• high temperature K � 1 to low temperature K∗ � 1

• low temperature K � 1 to high temperature K∗ � 1.

If the model has a unique phase transition (we will see this by Onsager’s formula),
then the critical point must be fixed by this duality

(Kh, Kv) = (K∗
v , K

∗
h).

Thus at the critical temperature Kh, Kv will satisfy the relation

sinh(2Kh) sinh(2Kv) = 1.

In the isotropic case Jh = Jv = J , the critical temperature Tc satisfies

sinh
(

2J

kBTc

)
= 1

from which we find Tc for the phase transition

Tc =
2J

kB log(1 +
√
2)
.
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4.7 Onsager’s exact free energy

Transfer matrix

The free energy per site f(Kh, Kv) can be computed exactly via the method of
transfer matrix. The idea is to group spin configurations of each row by the Hilbert space

HN = (C2)⊗N

and turn the partition as a trace of operators on HN in the vertical direction.

m

n

HN

T transfer matrix

Let µ denote a row spin configuration

µ = (σ1, σ2, · · · , σN) σi ∈ {±1}.

Such µ gives an orthonormal basis {|µ〉} of HN . Consider the operator

T : HN → HN

whose matrix entry is given by

〈µ|T |µ′〉 = exp
(
Kh

N∑
j=1

σjσj+1 +Kv

N∑
j=1

σjσ
′
j

)
.

Then the partition function can be written as

ZM,N =
∑
σ

exp
(
Kh

∑
m,n

σm,nσm,n+1 +Kv

∑
m,n

σm,nσm+1,n

)
= Tr(TM).

The problem is to find the largest eigenvalue of T as M,N →∞.
We can further decompose T as

T = ThTv

where Th is diagonal

〈µ|Th|µ′〉 = δµ,µ′ exp
(
Kh

N∑
j=1

σjσj+1

)
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and Tv has the matrix entry

〈µ|Tv|µ′〉 = exp
(
Kv

N∑
j=1

σjσ
′
j

)
.

Thus
〈µ|ThTv|µ′〉 = 〈µ|Th|µ〉〈µ|Tv|µ′〉 = 〈µ|T |µ′〉

as expected.

Spinor formalism

We use Kaufman’s spinor formalism [23] to compute eigenvalues of the transfer
matrix. Introduce the Pauli matrices

σx =

(
0 1

1 0

)
σy =

(
0 −i
i 0

)
σz =

(
1 0

0 −1

)
.

We extend them to linear operators

σ(j)
x , σ(j)

y , σ(j)
z : HN → HN

which act on the j-th component C2 of HN = (C2)⊗N by σx, σy, σz and on the other
component as identity. We can express Th and Tv in terms of the Pauli matrices. For Th,
we simply have

Th = exp
(
Kh

N∑
j=1

σ(j)
z σ(j+1)

z

)
.

For Tv, its matrix entry factorizes

〈µ|Tv|µ′〉 =
N∏
j=1

eKvσjσ
′
j

So
Tv = A⊗N

v

where Av is the 2× 2 matrix

Av =

(
eKv e−Kv

e−Kv eKv

)
.

Since detAv = 2 sinh(2Kv), we have

1√
2 sinh(2Kv)

Av = exp(K∗
vσx) =

(
coshK∗

v sinhK∗
v

sinhK∗
v coshK∗

v

)
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for some K∗
v . Computing the ratio of the first row, we find

tanhK∗
v = e−2Kv .

So K∗
v is precisely the dual coupling of Kv. Thus

Tv = (2 sinh(2Kv))
N/2 exp

(
K∗

v

N∑
j=1

σ(j)
x

)

and the full transfer matrix T becomes

T = (2 sinh(2Kv))
N/2 exp

(
Kh

N∑
j=1

σ(j)
z σ(j+1)

z

)
exp

(
K∗

v

N∑
j=1

σ(j)
x

)
.

Define 2N operators on HN (Jordan–Wigner transformation)

Γ2j−1 =

(∏
i<j

σ(i)
x

)
σ(j)
z , Γ2j =

(∏
i<j

σ(i)
x

)
σ(j)
y .

They satisfy the Clifford relations

ΓaΓb + ΓbΓa = 2δab.

Observe

σ(j)
z σ(j+1)

z = iΓ2jΓ2j+1, σ(j)
x = iΓ2j−1Γ2j.

Thus the transfer matrix T can be written as (we identify Γ2N+1 = Γ1)

T = (2 sinh(2Kv))
N/2 exp

(
iKh

N∑
j=1

Γ2jΓ2j+1

)
exp

(
iK∗

v

N∑
j=1

Γ2j−1Γ2j

)
.

The upshot is that T is expressed as exp of quadratic expressions in Γ’s, i.e., elements of
Spin(2N). By the Baker-Campbell-Hausdorff formula, we can write

exp
(
iKh

N∑
j=1

Γ2jΓ2j+1

)
exp

(
iK∗

v

N∑
j=1

Γ2j−1Γ2j

)
= exp

(
1

4

2N∑
a,b=1

AabΓaΓb

)

for some skew-symmetric matrix A. To compute A, let us denote

Φh := exp
(
iKh

N∑
j=1

Γ2jΓ2j+1

)
, Φv := exp

(
iK∗

v

N∑
j=1

Γ2j−1Γ2j

)
.

and
Φ = Φh · Φv.
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Lemma 4.1. Let C = (Cab) be a skew-symmetric 2N×2N matrix. Let U = exp
(

1
4

2N∑
a,b=1

CabΓaΓb

)
and X = e−C = (Xab). Then

UΓaU
−1 =

∑
b

XabΓb.

Proof: This is essentially the map Spin(2N) → SO(2N). Let Y = 1
4

∑
a,bCabΓaΓb so

U = eY . By the Clifford relations and the matrix identity

[A1A2, A3] = A1{A2, A3} − {A1, A3}A2, where {A1, A2} = A1A2 + A2A1,

we find
[Y,Γa] = −

∑
b

CabΓb.

It follows that
UΓaU

−1 = eY Γae
−Y = eadY Γa =

∑
b

XabΓb.

Our goal is to compute eigenvalues of T or

Φ = exp
(
1

4

∑
a,b

AabΓaΓb

)

on the Hilbert space HN , which is the standard spin representation.

Proposition 4.2. Let ±λ1,±λ2, · · · ,±λN be eigenvalues of A. Then eigenvalues of Φ

are

exp
(
±1

2
λ1 ±

1

2
λ2 ± · · · ±

1

2
λN

)
.

Proof: Since the matrix A is skew symmetric, we can find O ∈ O(2N) such that

A = O−1



0 ω1

−ω1 0

0 ω2

−ω2 0
. . .

0 ωN

−ωN 0


O

Eigenvalues of A are ±iω1,±iω2, . . . ,±iωN .
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Let
Γ̃a =

∑
b

OabΓb.

Since O ∈ O(2N), {Γ̃a} still satisfy the Clifford relations

Γ̃aΓ̃b + Γ̃bΓ̃a = 2δab

and Φ can be rewritten as

Φ = exp
(
1

2

N∑
j=1

ωjΓ̃2j−1Γ̃2j

)
.

Define the fermionic ladder operators

c+j =
1

2
(Γ̃2j−1 + iΓ̃2j), cj =

1

2
(Γ̃2j−1 − iΓ̃2j)

which satisfy the relations

(c+j )
2 = c2j = 0, c+j cj + cjc

+
j = 1.

Let |0〉 ∈ HN denote the vacuum state satisfying

cj|0〉 = 0 ∀j = 1, · · · , N.

Then the full Hilbert HN has a basis

|α1α2 . . . αN〉 := (c+1 )
α1(c+2 )

α2 . . . (c+N)
αN |0〉, α1, α2, · · · , αN ∈ {0, 1}.

Since

1

2
Γ̃2j−1Γ̃2j = i

(
c+j cj −

1

2

)
=⇒ Φ = exp

(
i

N∑
j=1

ωj

(
c+j cj −

1

2

))
.

Note that

c+j cj −
1

2
:

|0〉 7−→ −1

2
|0〉

c+j |0〉 7−→
1

2
c+j |0〉

It follows that |α1α2 . . . αN〉 are all eigenvectors of Φ with eigenvalues

N∏
j=1

eiωj(αj− 1
2).

The proposition follows.
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By Lemma 4.1 and Proposition 4.2, we need to compute eigenvalues of the adjoint
action

AdΦ : V −→ V

where
V = Span{Γ1, . . . ,Γ2N} ' C2N and AdΦ(Γa) = ΦΓaΦ

−1.

Since Φ = Φh · Φv, we can decompose

AdΦ = AdΦh
◦ AdΦv .

Recall

Φh := exp
(
iKh

N∑
j=1

Γ2jΓ2j+1

)
, Φv := exp

(
iK∗

v

N∑
j=1

Γ2j−1Γ2j

)
.

AdΦh
preserves Span{Γ2j,Γ2j+1} and AdΦv preserves Span{Γ2j−1,Γ2j}. By Lemma 4.1,

AdΦh

(
Γ2j

Γ2j+1

)
=

(
cosh 2Kh −i sinh 2Kh

i sinh 2Kh cosh 2Kh

)(
Γ2j

Γ2j+1

)

AdΦv

(
Γ2j−1

Γ2j

)
=

(
cosh 2K∗

v −i sinh 2K∗
v

i sinh 2K∗
v cosh 2K∗

v

)(
Γ2j−1

Γ2j

)
To diagonalize AdΦ, consider the discrete Fourier transform and define vectors αq, βq

by

Γ2j−1 =
1√
N

N∑
q=1

e
2πi
N

qjαq, Γ2j =
1√
N

N∑
q=1

e
2πi
N

qjβq, q = 1, 2, · · · , N.

On Fourier modes, we have

AdΦv

(
αq

βq

)
=

(
cosh 2K∗

v −i sinh 2K∗
v

i sinh 2K∗
v cosh 2K∗

v

)(
αq

βq

)

AdΦh

(
βq

e
2πiq
N αq

)
=

(
cosh 2Kh −i sinh 2Kh

i sinh 2Kh cosh 2Kh

)(
βq

e
2πiq
N αq

)
i.e.

AdΦh

(
αq

βq

)
=

(
cosh 2Kh ie−2πiq/N sinh 2Kh

−ie2πiq/N sinh 2Kh cosh 2Kh

)(
αq

βq

)
Therefore AdΦ preserves Span{αq, βq} and

AdΦ

(
αq

βq

)
=

(
cosh 2K∗

v −i sinh 2K∗
v

i sinh 2K∗
v cosh 2K∗

v

)(
cosh 2Kh ie−2πiq/N sinh 2Kh

−ie2πiq/N sinh 2Kh cosh 2Kh

)
︸ ︷︷ ︸

=:Bq

(
αq

βq

)
.
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Let e±γ(q) denote eigenvalues of Bq. Then

eγ(q) + e−γ(q) = Tr Bq

which implies

cosh γ(q) = cosh 2Kh cosh 2K∗
v − sinh 2Kh sinh 2K∗

v cos 2πq
N

.

The set {±γ(q)}Nq=1 give all eigenvalues of AdΦ.

Computation of the free energy

The partition function is

ZM,N = Tr(TM) = Tr
(
(2 sinh(2Kv))

MN/2ΦM
)
.

The largest eigenvalue of Φ is

λmax =
N∏
q=1

e
1
2
γ(q).

Thus in the thermodynamic limit

−βf = lim
M,N→∞

1

MN
logZM,N =

1

2
log(2 sinh 2Kv) + lim

N→∞

1

N
logλmax.

The second term becomes an integral

lim
N→∞

1

N

N∑
q=1

1

2
γ(q) =

1

4π

ˆ 2π

0

γ(θ)dθ =
1

2π

ˆ π

0

γ(θ)dθ

where
cosh γ(θ) = cosh 2Kh cosh 2K∗

v − sinh 2Kh sinh 2K∗
v cos θ.

Thus we obtain the exact formula

−βf =
1

2
log(2 sinh 2Kv) +

1

2π

ˆ π

0

cosh−1 (cosh 2Kh cosh 2K∗
v − sinh 2Kh sinh 2K∗

v cos θ) dθ.

We can rewrite this formula via the original coupling Kv in a symmetric form. The
dual K∗

v is given by
sinh(2K∗

v ) =
1

sinh(2Kv)

and we have
cosh(2K∗

v ) =
cosh(2Kv)

sinh(2Kv)
.

To simplify notations, let us denote

Ch = cosh 2Kh, Sh = sinh 2Kh

Cv = cosh 2Kv, Sv = sinh 2Kv

68



4 THE ISING MODEL Si Li

Then
cosh γ(θ) = ChCv − Sh cos θ

Sv

.

For x > 1, we have the integral formula

cosh−1(x) =
1

π

ˆ π

0

log(2(x− cos θ̃))dθ̃

Therefore
γ(θ) =

1

π

ˆ π

0

log
(
2

(
ChCv − Sh cos θ

Sv

− cos θ̃
))

dθ̃

and

−βf =
1

2
log(2Sv) +

1

2π2

ˆ π

0

ˆ π

0

log
[
2

(
ChCv − Sh cos θ

Sv

− cos θ̃
)]

dθdθ̃

= log 2 + 1

2π2

ˆ π

0

ˆ π

0

log(ChCv − Sh cos θ − Sv cos θ̃)dθdθ̃

which is now symmetric in Kh ↔ Kv. Thus we have arrived at Onsager’s exact solution
of free energy for 2D Ising model at zero field

−βf = log 2 + 1

2π2

ˆ π

0

ˆ π

0

log
(

cosh 2Kh cosh 2Kv − sinh 2Kh cos θ1 − sinh 2Kv cos θ2
)
dθ1dθ2.

A phase transition in the thermodynamic limit shows up as a non-analyticity of
the free energy or its derivatives. The singularity occurs when the minimum of the log
argument vanishes. The minimum occurs at θ1 = θ2 = 0 and note that

(cosh 2Kh cosh 2Kv)
2 − (sinh 2Kh + sinh 2Kv)

2 = (sinh 2Kh sinh 2Kv − 1)2 ≥ 0.

Thus the non-analyticity shows up when

sinh 2Kh sinh 2Kv = 1.

This is precisely the fixed point of Kramers-Wannier duality.

Internal energy and specific heat

Let us compute the internal energy at zero field. We consider the isotropic case

Kh = Kv = K = βJ.

The free energy becomes

−βf = log 2 + 1

2π2

ˆ π

0

ˆ π

0

log
(
cosh2 2K − sinh 2K(cos θ1 + cos θ2)

)
dθ1dθ2

= log(2 cosh 2K) +
1

2π2

ˆ π

0

ˆ π

0

log
[
1− τ

2
(cos θ1 + cos θ2)

]
dθ1dθ2

where
τ =

2 sinh 2K

cosh2 2K
.

We can further simplify by a change of variable α = 1
2
(θ1 − θ2), β = 1

2
(θ1 + θ2)
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α

β

π

⇒
α

β

π

π/2

−βf = log(2 cosh 2K) +
1

π2

ˆ π/2

0

dα

ˆ π

0

dβ log[1− τ cosα cos β].

We integrate β using
ˆ π

0

log(x− y cos β)dβ = π log
[
x+

√
x2 − y2
2

]

thus

−βf = log(2 cosh 2K) +
1

π

ˆ π/2

0

log
[
1

2

(
1 +
√
1− τ 2 cos2 α

)]
dα

= log(2 cosh 2K) +
1

π

ˆ π/2

0

log
[
1

2

(
1 +

√
1− τ 2 sin2 θ

)]
dθ.

The internal energy is

u =
∂

∂β
(βf) = J

∂

∂K
(βf)

= −2J tanh 2K − J

π

ˆ π/2

0

τ ′(K)

τ

[
1− 1√

1− τ 2 sin2 θ

]
dθ

= −J coth 2K

[
1 +

2

π
(2 tanh2 2K − 1)

ˆ π/2

0

1√
1− τ 2 sin2 θ

dθ

]
.

The critical temperature is at

sinh2 2K = 1 ⇐⇒ τ = 1.

Near the critical temperature Tc, the elliptic integral
ˆ π/2

0

1√
1− τ 2 sin2 θ

dθ ∼ 1

2
log 16

1− τ 2
as τ → 1−

and

1− τ 2 ∝ (T − Tc)2

2 tanh2 2K − 1 ∝ (T − Tc).
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Thus U is continuous at T = Tc. However, the analyticity breaks down at T = Tc. In
particular, the specific heat per spin

c(T ) =
∂u

∂T

will have a logarithmic divergence

c(T ) ∝ log |T − Tc|

near the critical temperature Tc. Thus for 2D Ising model at zero field near Tc, the first
derivative of the free energy (internal energy) is continuous while the second derivative
(specific heat) is singular. This illustrates a continuous (second-order) phase transition.

4.8 Spontaneous magnetization

We study the spontaneous magnetization of 2D Ising model on the square lattice,
which is defined by

m(β) = lim
h→0+

lim
M,N→∞

1

MN

∑
m,n

〈σm,n〉 = lim
h→0+

lim
M,N→∞

1

β

1

MN

∂

∂h
logZM,N .

By translation symmetry, we can also write m(β) as a single spin expectation

m(β) = lim
h→0+

lim
M,N→∞

〈σ0,0〉.

Note that the order of limit is important. Otherwise

lim
h→0+
〈σ0,0〉 = 0 at finite M,N

by the Z2-symmetry σm,n → −σm,n at zero field h = 0.
In a conference at Cornell in 1948 and another conference in Florence in 1949, On-

sager announced the following astonishing result on the simple exact formula

m =


[
1− 1

sinh2(2Kh) sinh2(2Kv)

]1/8
T < Tc

0 T ≥ Tc

where Tc is the critical temperature.

T

m

1

Tc
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Onsager never published a proof of this result. In 1952, Yang [46] published a full
derivation of this result based on different method. We present a calculation of this famous
formula following the simplification by Montroll-Potts-Ward [34] in terms of Szegő’s limit
formula for Toeplitz determinants.

What has been computed in Onsager and Yang is essentially

m2 = lim
|r|→∞

〈σ0σr〉

for the two-point function at large distance. Strictly speaking, this definition is not
exactly the one defined above. These two definitions are expected to be equal, which was
proved rigorously a few years later. See [4, 25].

Transfer matrix and Pfaffian

Recall the partition function of 2D Ising model on the square lattice with periodic
boundary condition can be formulated as

ZM,N = Tr(TM)

where T is the transfer matrix on the Hilbert space HN = (C2)⊗N . We consider two spins
in the same row, separated by a distance r, whose correlation is

〈σ1,1σ1,r+1〉 =
1

ZM,N

∑
σ

σ1,1σ1,r+1 exp
(
Kh

∑
m,n

σm,nσm,n+1 +Kv

∑
m,n

σm,nσm+1,n

)
.

As we have see, the transfer matrix can be written via Clifford algebra

T = (2 sinh(2Kv))
N/2Φ

where Φ has the form

Φ = ΦhΦv = exp
(
iKh

N∑
j=1

Γ2jΓ2j+1

)
exp

(
iK∗

v

N∑
j=1

Γ2j−1Γ2j

)
.

Thus the correlation can be written as

〈σ1,1σ1,r+1〉 =
Tr σ(1)

z σ
(r+1)
z ΦM

Tr ΦM
.

It turns out to be convenient to work with

Φ̃ = Φ
1
2
hΦvΦ

1
2
h = Φ

− 1
2

h ΦΦ
1
2
h

which is real and symmetric. Since

σ(j)
z Φh = Φhσ

(j)
z
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commutes, the two-spin correlation is the same as

〈σ1,1σ1,r+1〉 =
Tr σ(1)

z σ
(r+1)
z Φ̃M

Tr Φ̃M
.

Since σ2
m,n = 1, we can write σ1,1σ1,r+1 as a spin chain σ1,1σ1,2σ1,2σ1,3 · · · σ1,rσ1,r+1.

Using the relation σ
(j)
z σ

(j+1)
z = iΓ2jΓ2j+1, we arrive at

〈σ1,1σ1,r+1〉 = ir
Tr
(
Γ2Γ3Γ4Γ5 . . .Γ2rΓ2r+1Φ̃

M
)

Tr Φ̃M
.

Proposition 4.3 (Wick’s Theorem for fermions). Let Q = 1
4

2N∑
a,b=1

QabΓaΓb where Qab =

−Qba. Let η1, . . . , η2N be Grassmann variables (ηaηb = −ηbηa). Then

Tr(e
∑
a
ηaΓa

eQ)

Tr eQ = exp
(
1

2

∑
a,b

Cabηaηb

)

where Cab is the two-point function

Cab =

Tr(ΓaΓbe
Q)/Tr eQ a 6= b

0 a = b

Proof: We can assume

Q =



0 ω1

−ω1 0

0 ω2

−ω2 0
. . .

0 ωN

−ωN 0


Otherwise we can perform a linear orthonormal change of basis. This reduces the proof
to the case N = 1 which is easily proved.

Corollary 4.4. Assume the same set-up in Proposition 4.3. Then for any k1 < k2 <

· · · < k2m, we have
Tr
(
Γk1Γk2 . . .Γk2me

Q
)

Tr eQ = Pf(A)

where Pf(A) is the Pfaffian of the skew-symmetric 2m× 2m matrix

Aij =
Tr
(
ΓkiΓkje

Q
)

Tr eQ , i 6= j.
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Let us denote
Aj = Γ2j−1, Bj = Γ2j, j = 1, . . . , N.

We will always use periodic index so AN+1 ≡ A1 and BN+1 ≡ B1. Then

〈σ1,1σ1,r+1〉 = ir
(
Tr B1A2B2A3 . . . BrAr+1Φ

M
)

Tr ΦM
.

By Corollary 4.4, this correlation is determined by

〈AiAj〉, 〈BiBj〉, 〈BiAj〉.

We can use symmetries of Φ̃ to simplify these two point correlations.

(1) Translation symmetry: Γa → Γa+2. This shifts

Ai 7→ Ai+1, Bi 7→ Bi+1.

Thus 〈AiAj〉, 〈BiBj〉, 〈BiAj〉 only depend on their relative position j − i.

(2) Transpose symmetry: Φ̃t = Φ̃. By the construction of Γa, we have

At
i = Ai, Bt

i = −Bi.

By translation symmetry, transpose symmetry and Clifford relation,

〈AiAj〉 = 〈At
jA

t
i〉 = 〈AjAi〉 = 2δij − 〈AiAj〉

=⇒ 〈AiAj〉 = δij.

Similarly,
〈BiBj〉 = δij.

Let us denote the r × r matrix

Gkj = i〈BkAj+1〉 1 ≤ k, j ≤ r.

By Corollary 4.4, 〈σ1,1σ1,r+1〉 is computed by the Pfaffian of(
0 G

−G 0

)
.

Precisely, we find
〈σ1,1σ1,r+1〉 = (−1)r(r−1)/2 detG.

Note that by translation symmetry

Gkj = i〈B0Ak−j+1〉

which is a Toeplitz matrix. As we will see, this Toeplitz property allows us to compute
the large distance limit.
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Dominant eigenvector

Let |Ω〉 be the eigenvector of Φ̃ with the largest eigenvalue. We are interested in the
thermodynamic limit M →∞

lim
M→∞

〈B0An〉 = lim
M→∞

Tr B0AnΦ̃
M

Tr Φ̃M
= 〈Ω|B0An|Ω〉.

We will compute this thermodynamic correlation in the next.
Note that Aj and Bj are Hermitian matrices. Let us decompose into Fourier modes

Aj =
1√
N

∑
θ

eiθj(cθ + c†−θ), Bj =
i√
N

∑
θ

eiθj(cθ − c†−θ)

where the sum is over all θ such that eiNθ = 1. The Fourier modes cθ, c+θ satisfy the
anti-commutator relations ({U, V } := UV + V U)

{cθ, c†θ} = 1 c2θ = (c†θ)
2 = 0

so they are N -copies of fermionic ladder operators. In terms of Fourier modes,

Φh = exp
(
iKh

∑
j

BjAj+1

)
= exp

(
Kh

∑
θ

eiθ(c†θ − c−θ)(cθ + c†−θ)

)

Φv = exp
(
iK∗

v

∑
j

AjBj

)
= exp

(
K∗

v

∑
θ

(cθ + c†−θ)(c
†
θ − c−θ)

)
.

It is now straight-forward to compute the adjoint action

AdΦh

(
cθ

c†−θ

)
= exp

[
2Kh

(
− cos θ −i sin θ
i sin θ cos θ

)](
cθ

c†−θ

)

=

(
cosh 2Kh − sinh 2Kh cos θ −i sinh 2Kh sin θ

i sinh 2Kh sin θ cosh 2Kh + sinh 2Kh cos θ

)(
cθ

c†−θ

)

AdΦv

(
cθ

c†−θ

)
=

(
e2K

∗
v

e−2K∗
v

)(
cθ

c†−θ

)
Thus

AdΦ̃

(
cθ

c†−θ

)
=Mθ

(
cθ

c†−θ

)
where Mθ is the 2× 2 matrix

Mθ = exp
[
Kh

(
− cos θ −i sin θ
i sin θ cos θ

)]
exp

[(
2K∗

v

−2K∗
v

)]
exp

[
Kh

(
− cos θ −i sin θ
i sin θ cos θ

)]

=

(
coshKhI2 + sinhKh

(
− cos θ −i sin θ
i sin θ cos θ

))(
cosh 2K∗

vI2 + sinh 2K∗
v

(
1 0

0 −1

))
(

coshKhI2 + sinhKh

(
− cos θ −i sin θ
i sin θ cos θ

))
.
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Note that the matrix Mθ is of the form

Mθ =
1

2
Tr Mθ +

(
a ib

−ib −a

)
= cosh γ(θ) +

(
a ib

−ib −a

)
, a, b ∈ R

where e±γ(θ) (γ(θ) > 0) are eigenvalues of Mθ. Explicit computation gives

−a = cosh 2K∗
v sinh 2Kh cos θ − sinh 2K∗

v

(
cosh2Kh + sinh2Kh cos 2θ

)
−b = cosh 2K∗

v sinh 2Kh sin θ − sinh 2K∗
v sinh2Kh sin 2θ

and
cosh γ(θ) = cosh 2Kh cosh 2K∗

v − sinh 2Kh sinh 2K∗
v cos θ.

Let (
u±(θ) v±(θ)

)
Mθ = e±γ(θ)

(
u±(θ) v±(θ)

)
denote the left eigenvectors of Mθ. Since Mθ is Hermitian, we can normalize

|u+|2 + |v+|2 = |u−|2 + |v−|2 = 1, ū+u− + v̄+v− = 0.

Then
η±(θ) = u±(θ)cθ + v±(θ)c

+
−θ.

are eigenvectors under the adjoint action

Φ̃η±Φ̃
−1 = e±γ(θ)η±.

Since Φ̃ is Hermitian,
=⇒ Φ̃−1η†±Φ̃ = e±γ(θ)η†±

i.e. we can choose η±(θ) such that

η†±(θ) = η∓(−θ), i.e.
u∓(−θ) = v±(θ)

v∓(−θ) = u±(θ)
.

By the normalization condition, we have the anti-commutator relation

{η+(θ), η†+(θ)} = 1

and these eigenvectors of Φ̃ form new ladder operators. Since η+(θ)’s have eigenvalues
> 1, the eigenstate |Ω〉 of the largest eigenvalue of Φ̃ is characterized by

η+(θ)|Ω〉 = 0 ∀θ.
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Computation of i〈Ω|B0An|Ω〉

In Fourier modes, we have

i〈Ω|B0An|Ω〉 =
1

N

∑
θ

e−inθ〈(c†−θ − cθ)(c−θ + c†θ)〉.

Let
g(θ) = 〈Ω|(c+−θ − cθ)(c−θ + c+θ )|Ω〉

so
i〈Ω|B0An|Ω〉 =

1

N

∑
θ

e−inθg(θ)

In the limit N →∞, this will become an integral

1

2π

ˆ 2π

0

e−inθg(θ)dθ.

The projection of c−θ + c+θ to η−(−θ) is(
u−(−θ) + v−(−θ)

)
η−(−θ) = (u+(θ) + v+(θ))η

+
+(θ)

and the projection of c+−θ − cθ to η+(θ) is(
−u+(θ) + v+(θ)

)
η+(θ).

Thus
g(θ) = (u+(θ) + v+(θ))

(
−u+(θ) + v+(θ)

)
.

Now the matrix Mθ has the form

Mθ =
1

2
Tr MθI2 +

(
a ib

−ib −a

)
.

The eigenvector equation becomes(
u+ v+

)( a ib

−ib −a

)
=
(
u+ v+

)√
a2 + b2

from which we find

v+
u+

= i

√
a2 + b2 − a

b
= iξ.

By the normalization condition |u+|2 + |v+|2 = 1, we find

|u+|2 =
1

1 + ξ2
|v+|2 =

ξ2

1 + ξ2

u+v+ =
iξ

1 + ξ2
u+v+ =

−iξ
1 + ξ2
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Thus

g(θ) = − 1

1 + ξ2
+

ξ2

1 + ξ2
− 2i

ξ

1 + ξ2

=
ξ2 − 1− 2iξ

1 + ξ2
=

(ξ − i)2

(ξ + i)(ξ − i)

=
ξ − i
ξ + i

=
|z|+ z

|z|+ z
where z = −a− ib

=
z

|z|
=
(z
z

) 1
2

which is a phase factor determined by Mθ. Now

z = cosh 2K∗
v sinh 2Khe

iθ − sinh 2K∗
v cosh2Kh − sinh 2K∗

v sinh2Khe
2iθ

= − sinh 2K∗
v sinh2Kh(e

iθ − r+)(eiθ − r−)

where
r± =

(tanhK∗
v )

∓1

tanhKh

= e±2KvcothKh.

Introduce

α1 = e−2Kv tanhKh = r−1
+ , α2 = e−2Kv cothKh = r−.

Then
z ∝ (1− α1e

iθ)(eiθ − α2)

and

g(θ) =

(
(1− α1e

iθ)(eiθ − α2)

(1− α1e−iθ)(e−iθ − α2)

) 1
2

= eiθ
(
(1− α1e

iθ)(1− α2e
−iθ)

(1− α1e−iθ)(1− α2eiθ)

) 1
2

.

Thus we find

lim
M,N→∞

Gkj = lim
M,N→∞

i〈B0Ak−j+1〉 =
1

2π

ˆ 2π

0

e−iθ(k−j)ϕ(eiθ)dθ

where

ϕ(eiθ) =

[
(1− α1e

iθ)(1− α2e
−iθ)

(1− α1e−iθ)(1− α2eiθ)

] 1
2

.

Toeplitz matrix and Szegö limit theorem

We consider T < Tc, In this case

0 < α1 < 1, 0 < α2 < 1.

We are interested in computing det(G) for the r× r matrix G in the large distance limit
r →∞. Since G is a Toeplitz, such limit can be computed by Szegö’s Theorem. Let

ψ(z) = logϕ(z)
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and
cn =

1

2π

ˆ 2π

0

ψ(eiθ)e−inθdθ

be the Fourier modes of ψ. Then Szegö’s limit theorem says

detG ∼ exp
(
rc0 +

∞∑
n=1

ncnc−n

)
as r →∞.

In our case, we have

ψ(z) =
1

2

[
log(1− α1z) + log(1− α2z

−1)− log(1− α1z
−1)− log(1− α2z)

]
We expand on |z| = 1 and since |α1| < 1, |α2| < 1

ψ(z) =
∞∑
n=1

αn
2 − αn

1

2n
zn +

∞∑
n=1

αn
1 − αn

2

2n
z−n.

The Fourier coefficients are read by

c0 = 0, cn =
αn
2 − αn

1

2n
, c−n =

αn
1 − αn

2

2n
, n > 0.

By Szegö’s limit theorem,

lim
r→∞

detG = exp
(

∞∑
n=1

ncnc−n

)
.

Now
∞∑
n=1

ncnc−n = −
∞∑
n=1

(αn
1 − αn

2 )
2

4n
= −

∞∑
n=1

α2n
1 − 2αn

1α
n
2 + α2n

2

4n

=
1

4

[
log(1− α2

1)− 2 log(1− α1α2) + log(1− α2
2)
]

=
1

4
log (1− α2

1)(1− α2
2)

(1− α1α2)2
.

We find the spontaneous magnetization

m =
(

lim
r→∞

detG
) 1

2
=

[
(1− α2

1)(1− α2
2)

(1− α1α2)2

] 1
8

.

We can further simplify this expression. Recall

α1 = e−2Kv tanhKh

α2 = e−2Kv cothKh
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so

(1− α2
1)(1− α2

2)

(1− α1α2)2
=

(1− e−4Kv tanh2Kh)(1− e−4Kv coth2Kh)

(1− e−4Kv)2

=
1− e−4Kv(tanh2Kh + coth2Kh) + e−8Kv

(1− e−4Kv)2

= 1− (tanh2Kh + coth2Kh − 2)

(e2Kv − e−2Kv)2

= 1− 1

sinh2(2Kh) sinh2(2Kv)

Thus for T < Tc, we obtain the famous formula

m =

[
1− 1

sinh2(2Kh) sinh2(2Kv)

] 1
8

.

Near Tc, define
k =

1

sinh 2Kh sinh 2Kv

.

As T ↗ Tc, k ↗ 1, so
m ∼ (1− k2)

1
8 ∼ (Tc − T )

1
8

which shows the critical exponent is 1
8
.

4.9 Peierls estimate

We discuss the famous Peierls argument [37] on the existence of a phase transition
at low temperature for the ferromagnetic Ising model in dimension d ≥ 2.

Boundary conditions

Consider the nearest-neighbor ferromagnetic Ising model on a finite region Λ ⊂ Zd.
A spin configuration in Λ is an assignment

σ = (σx)x∈Λ , σx ∈ {±1}.

We impose a boundary condition outside Λ by fixing a choice

η = (ηy)y/∈Λ , ηy ∈ {±1}.

We define the Hamiltonian on Λ under a fixed boundary condition η outside Λ by

HΛ(σ|η) = −J
∑
⟨x,y⟩
x,y∈Λ

σxσy − J
∑
⟨x,y⟩

x∈Λ,y/∈Λ

σxηy
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where the sums run over nearest-neighbor bonds and we assume J > 0 for the ferromag-
netic case. The partition function is given by

Zη
Λ =

∑
σ

e−βHΛ(σ|η)

and the associated Gibbs measure is

µη
Λ(σ) =

1

Zη
Λ

e−βHΛ(σ|η).

We will mostly consider the plus boundary condition

ηy = +1 for all y /∈ Λ

where the Hamiltonian, partition function and Gibbs measure will be denoted by

HΛ(σ|+), Z+
Λ , µ+

Λ(σ).

By spin-flip symmetry we also consider the minus boundary condition

ηy = −1 for all y /∈ Λ

and HΛ(σ|−), Z−
Λ , µ−

Λ(σ) respectively.

σ

Λ
+
+
+
+
+

+ + +

+ + +

+

+

+

+

+

+

+

+ + + + +

++
+

Plus boundary condition

We are interested in the thermodynamic limit

µ+ = lim
Λ↗Zd

µ+
Λ , µ− = lim

Λ↗Zd
µ−
Λ .

Our goal is to show that

µ+ 6= µ− at low temperature.

This illustrates a phase transition.
Peierls’ idea is to show that for sufficiently large β (low temperature)

µ+(σ0 = −1) <
1

2
, µ−(σ0 = −1) >

1

2

where 0 is the origin. Hence µ+ 6= µ−.
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Peierls estimate in d = 2

We begin with d = 2 where the geometry is most transparent. We consider the dual
lattice (Z2)∗ of Z2 which can be identified as

(Z2)∗ = Z2 +

(
1

2
,
1

2

)
.

Given a spin configuration σ on Λ, we draw its dual bonds Γ∗(σ) on the dual lattice
which form a collection of closed contours.

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+ + − + + + − +

+ − − − + − − +

+ − − + + + + +

We consider plus boundary condition, so every connected component of minus spin
is finite and is surrounded by such a contour. Thus

• minus droplets correspond to closed dual contours

• if σ0 = −1, then the origin belongs to a minus component, hence is surrounded by
at least one contour.

Let now σ be a spin configuration with plus boundary condition, and γ ⊂ Γ∗(σ) be
the outer contour of a minus droplet. Let

Tγ(σ) = flipping all spins of σ inside γ

+ + + + +

+ + − + +

+ − − − +

+ − − + +

+ + + + +

γ
Tγ(σ)

=======⇒

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

γ

The Hamiltonian changes under this flip by

HΛ(σ|+) = HΛ(Tγ(σ)|+) + 2J |γ|

where |γ| is the number of edges in γ. In Boltzman weight
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e−βHΛ(σ|+) = e−2βJ |γ|e−βHΛ(Tγ(σ)|+).

Let Aγ be the set of spin configurations σ such that γ is present as a contour. Then∑
σ∈Aγ

e−βHΛ(σ|+) = e−2βJ |γ|
∑

σ∈Tγ(Aγ)

e−βHΛ(σ|+) ≤ e−2βJ |γ|
∑
σ

e−βHΛ(σ|+) = e−2βJ |γ|Z+
Λ .

This yields the crucial Peierls estimate

µ+
Λ(Aγ) ≤ e−2βJ |γ|.

Consider spin configurations with

σ0 = −1

under the plus boundary condition. We have

{σ0 = −1} ⊆
⋃

γ surrounds 0

Aγ.

By the above Peierls estimate,

µ+
Λ(σ0 = −1) ≤

∑
γ surrounds 0

µ+
Λ(Aγ) ≤

∑
γ surrounds 0

e−2βJ |γ|.

The problem is reduced to counting contours.
A contour of length n surrounding the origin must intersect the positive x-axis within

distance n from the origin.

x
O

We can use the intersecting edge as the starting edge. There are at most Cn such
choices for some positive constant C (for example, we can take C = 1 for a rough
estimate). Once the starting edge and the orientation are chosen, at each step there are
at most 3 choices for continuation (because one can not immediately backtrack). Thus
the number Nn of contours of length n surrounding the origin is bounded by

Nn ≤ Cn3n.

Using this contour count,

µ+
Λ(σ0 = −1) ≤

∑
n≥4

Nne
−2βJn ≤ C

∑
n≥4

n(3e−2βJ)n.
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This converges provided
3e−2βJ < 1 i.e. β >

log 3
2J

.

For such β, the series sum can be made arbitrarily small as β →∞. In particular, for β
sufficiently large

µ+
Λ(σ0 = −1) <

1

2

uniformly in Λ. Therefore in the thermodynamic limit

µ+(σ0 = −1) <
1

2
.

By spin-flip symmetry

µ−(σ0 = +1) <
1

2
i.e. µ−(σ0 = −1) >

1

2
.

This proves µ+ 6= µ− and shows the existence of a phase transition at low temperature.
In the phase µ+, the magnetization density

m+
Λ(β) = µ+

Λ(σ0 = +1)− µ+
Λ(σ0 = −1) = 1− 2µ+

Λ(σ0 = −1) > 0

uniformly in Λ. Thus in the thermodynamic limit

m+(β) > 0.

This shows a spontaneous magnetization in the plus phase.

Peierls estimate in d = 3

One key feature of Peierls argument is its effectiveness also in d ≥ 3. We illustrate
the case d = 3. Consider a finite region Λ ⊂ Z3. The dual lattice is

(Z3)∗ = Z3 +

(
1

2
,
1

2
,
1

2

)
.

Each nearest-neighbor bond b = 〈x, y〉 of Z3 corresponds dually to a unique square
plaquette b∗ in the dual lattice

b∗

x y

Given a spin configuration σ on Λ with plus boundary condition outside Λ, define
the set of disagreement bonds

D(σ) = {〈x, y〉 | σx 6= σy}.
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For each 〈x, y〉 ∈ D(σ), attach the dual plaquette. The union of all such dual plaquettes
is the interface between plus and minus regions.

Let C ⊂ Λ be a connected component of minus spins:

σx = −1 for x ∈ C

σy = +1 for y /∈ C, dist(y, C) = 1.

Its edge boundary is
∂eC = {〈x, y〉 | x ∈ C, y /∈ C}.

For each bond in ∂eC, place the corresponding dual plaquette. These plaquettes form
a polyhedral surface S(C). A bit of imagination shows that S(C) is a closed surface. This
is the 3D analogue of the dual closed contour in d = 2. Let

|S| = # of plaquettes in S = |∂eC|.

This |S| is the analogue of contour length in d = 2.

S
Let TSσ be the spin configuration obtained by flipping all spins inside S. Then

HΛ(σ|+) = HΛ(TSσ|+) + 2J |S|.

This leads to the Peierls estimate

µ+
Λ(AS) ≤ e−2βJ |S|

where AS is the set of configurations σ such that S appears as the boundary of a minus
droplet.

Let Nn be the number of closed dual surface S of area |S| = n surrounding the
origin. Then

µ+
Λ(σ0 = −1) ≤

∑
n≥6

Nne
−2βJn.

Here the minimal closed surface is the boundary of a single cube, which has 6 plaquettes.
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We can proceed as in d = 2 to estimate Nn. We choose the first intersection of S
with the positive x-axis, and this gives O(n) choices. Start from the anchor plaquette, we
build a connected set of n plaquettes by adding one plaquette at a time. Each plaquette
has only finitely many neighboring plaquettes sharing an edge, say the number =M . In
fact M = 12 in d = 3. Thus

Nn ≤ CnMn.

Substituting into the previous bound,

µ+
Λ(σ0 = −1) ≤

∑
n≥6

Cn(Me−2βJ)n.

So for sufficiently large β,
µ+
Λ(σ0 = −1) <

1

2

uniformly in Λ. In the thermodynamic limit

µ+(σ0 = −1) <
1

2
.

This illustrates phase coexistence and thus a phase transition.

Remark 4.5 (Peierls argument fails in d = 1). In d = 1, a minus droplet is just an interval.
Its boundary consists of two endpoints, so the energy cost is always 4J , independent of
droplet size. In d ≥ 2, by contrast, a droplet with large boundary has energy cost
proportional to its area, which grows with its size. This is the geometric reason the
Peierls argument works.

4.10 Lee-Yang circle theorem

The Lee-Yang theory [27, 28] gives a conceptually beautiful explanation of how phase
transitions arise in statistical mechanics. The central message is that instead of looking
only at the partition function for real values of the external parameters, one analytically
continues to complex values and studies the zeros of the partition function on the complex
plane. Then a nonanalyticity of the thermodynamic free energy appears when, in the
thermodynamic limit, the zeros of finite-volume partition functions accumulate and pinch
the physical axis.

For the ferromagnetic Ising model in an external magnetic field, Lee and Yang proved
a remarkable theorem: if one writes the partition function as a polynomial in a suitable
fugacity variable, then all zeros lie on the unit circle. This implies that phase transitions
in the ferromagnetic Ising model can possibly appear only at zero magnetic field h = 0.
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The Ising model with complex magnetic field

Consider a finite region Λ ⊂ Zd with spins

σx ∈ {±1} , x ∈ Λ.

We consider a general Hamiltonian of the form

HΛ(σ) = −
∑
⟨x,y⟩

Jxyσxσy − h
∑
x∈Λ

σx

where we allow different coupling Jxy on each nearest-neighbor bond 〈x, y〉. We require
Jxy ≥ 0 for all 〈x, y〉 in the ferromagnetic case. The partition function reads

ZΛ(β, h) =
∑
σ

exp

β∑
⟨x,y⟩

Jxyσxσy + βh
∑
x

σx

 .

We want to study ZΛ not only for real h, but for complex h. Introduce the variable

z = e−2βh.

Let
N = |Λ| , n(σ) = number of − 1 spins.

We have ∑
x

σx = N − 2n(σ)

Thus
ZΛ(β, h) = eβhNPΛ(z)

where

PΛ(z) =
∑
σ

exp

β∑
⟨x,y⟩

Jxyσxσy

 zn(σ)

is a polynomial of degree N in z. Let

z1, z2, . . . , zN

be zeros of PΛ(z). Then

PΛ(z) = CΛ

N∏
j=1

(z − zj).

where the factor CΛ only depends on Λ. Taking logs,

1

N
logZΛ = βh+

1

N
logCΛ +

1

N

N∑
j=1

log(z − zj).

87



4 THE ISING MODEL Si Li

In the thermodynamic limit, the last term will become an integral on the distribution
of zeros that capture the non-analyticity. Thus the accumulation/distribution of zeros in
the thermodynamic limit tells the information on phase transitions.

Lee and Yang discovered that in the ferromagnetic Ising case, all zeros lie exactly on
the unit circle

|zj| = 1 , j = 1, 2, . . . , N.

See Lee-Yang circle theorem below.

1

z = e−2βh

Thus in the thermodynamic limit, we expect

1

N
logZN −→ −βf = βh+ C(β) +

1

2π

ˆ 2π

0

log(z − eiθ)ρ(θ)dθ

where ρ(θ) is the angular density of zeros on the unit circle. The magnetization density
is given by

m(β, h) = − ∂

∂h
f = 1− z

π

ˆ 2π

0

ρ(θ)dθ

z − eiθ

which is a Cauchy-type transform of the density of Lee-Yang zeros. Since

|z = e−2βh| = 1 ⇐⇒ Reh = 0.

For real h, the thermodynamic phase transition can only occur at z = 1, i.e. h = 0. This
leads to a concrete mechanism of phase transition:

• if ρ(θ) stays away from z = 1, m stays analytic near h = 0.

• if zeros accumulate at z = 1, then the integral can develop a singularity, producing
spontaneous magnetization and nonanalytic free energy.

Lee-Yang circle theorem

We now discuss the fundamental property on distributions of zero discovered by Lee
and Yang [28]. We discuss extension of Lee-Yang theorem in the form generalized by
Asano [1] and Ruelle [40]. See also [41, 26] for further developments and expositions.
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Consider a general Ising model on a finite undirected graph G = (V,E). Here

V = {1, 2, . . . , N}

is the set of vertices and E is the set of edges. Let Jij be the coupling attached to the
edge (i, j) ∈ E. Let hi be the external field attached to each vertex i ∈ V . The partition
function is

ZG =
∑

σ∈{±1}V
exp

β ∑
(i,j)∈E

Jijσiσj + β
∑
i∈V

hiσi

 .

Let Kij = βJij. Introduce variables

zi = e−2βhi i ∈ V.

Then
ZG = e

β
∑
i∈V

hi

PG(z1, . . . , zN)

where the multivariate Ising polynomial is

PG(z1, . . . , zN) =
∑
σ

exp

 ∑
(i,j)∈E

Kijσiσj

 ∏
i:σi=−1

zi.

Zeroes of ZG are the same as zeroes of PG.

Theorem 4.6 (Lee-Yang Circle Theorem). Let G = (V,E) be a finite graph and suppose
Kij ≥ 0 for every edge (i.e. in the ferromagnetic case). Then the polynomial PG has the
following zero-free properties:

(1) If |zi| < 1 for every i ∈ V , then PG(z1, · · · , zN) 6= 0.

(2) If |zi| > 1 for every i ∈ V , then PG(z1, · · · , zN) 6= 0.

In particular, every zero of PG(z, z, · · · , z) lies on the unit circle:

|z| = 1.

We present a simplified proof based on Asano contraction.

Definition 4.7 (Asano contraction). Let

Φ(u, v) = A+Bu+ Cv +Duv

be affine in each of the two variables. Its Asano contraction is the one-variable polynomial

Φ̃(z) = A+Dz.
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The Asano contraction has the interpretation of gluing half-edges variables into a
single vertex variable as follows. For each edge e = (i, j), we write two half-edge variables

zi,e and zj,e. i j
e

zi,e zj,e

Define the edge factor

Fe(zi,e, zj,e) = eKe + e−Kezi,e + e−Kezj,e + eKezi,ezj,e

and form the product
F({zi,e}) =

∏
e=(i,j)∈E

Fe(zi,e, zj,e)

Fix a vertex i of degree di. Let its incidence half-edge variable be zi,e1 , · · · , zi,edi

i
e1

e2

edi

We now contract them, two at a time, into a single vertex variable zi. At each
contraction step, we view the current polynomial as a polynomial affine separately in two
of the contracted variables

A+Bzi,ea + Czi,eb +Dzi,eazi,eb

and replace this expression by via Asano contraction

A+Dzi,eaeb .

Repeating this operation at each vertex contracts

zi,e1 , · · · , zi,ed =⇒ zi = zi,e1...ed

and we obtain a polynomial

F({zi,e}) =⇒ F̃(z1, z2, . . . , zN).

To identify F̃, observe that each edge factor contributes one of the four monomials

eKe , e−Kezi,e, e−Kezj,e, eKezi,ezj,e

These correspond to the four local spin configuration
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i j

+ +

eKe

i j

− +

e−Ke

i j

+ −

e−Ke

i j

− −

eKe

This is exactly eKeσiσj .
The vertex contractions enforce the condition that all half-edges incident to a vertex

choose the same spin state at that vertex. Thus the contracted monomial associated to
a global spin configuration σ is ∏

i:σi=−1

zi

and its coefficient is

exp

 ∑
(i,j)∈E

Kijσiσj

 .

Consequently
F̃(z1, . . . , zN) = PG(z1, . . . , zN).

Thus we find
F({zi,e})

Successive
===========⇒
Asano contraction

PG(z1, . . . , zN)

Lemma 4.8. Let Φ(u, v) = A+Bu+ Cv +Duv. Assume

Φ(u, v) 6= 0 whenever |u| < 1, |v| < 1.

Then its Asano contraction Φ̃(z) = A+Dz satisfies

Φ̃(z) 6= 0 for |z| < 1.

Proof: Let us write
Φ(u, v) = (A+ Cv) + (B +Dv)u.

By assumption,
|v| < 1 imiplies |A+ Cv| ≥ |B +Dv|.

Take v = ρeiθ, 0 < ρ < 1, and average over θ, we get

1

2π

ˆ 2π

0

|A+ Cρeiθ|2dθ ≥ 1

2π

ˆ 2π

0

|B +Dρeiθ|2dθ

=⇒ |A|2 + ρ2|C|2 ≥ |B|2 + ρ2|D|2 ∀0 < ρ < 1

Switch the role of u and v,

=⇒ |A|2 + ρ2|B|2 ≥ |C|2 + ρ2|D|2 ∀0 < ρ < 1
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Adding the above two inequalities and let ρ→ 1−, we get

|A| ≥ |D|.

Note that A = Φ(0, 0) 6= 0. The lemma follows.

Lemma 4.9. Let Φ(u, v) = eK + e−Ku+ e−Kv + eKuv where K ≥ 0. Then

Φ(u, v) 6= 0 whenever |u| < 1, |v| < 1.

Proof: If Φ(u, v) = 0, then

v = −1 + tu

t+ u
where t = e−K .

Assume |u| < 1,

|1 + tu|2 − |t+ u|2 = 1 + t2|u|2 − t2 − |u|2 = (1− t2)(1− |u|2).

If K > 0 so 0 < t < 1, then

|1 + tu| > |t+ u| =⇒ |v| > 1.

If K = 0 so t = 1, then v = −1.

Proof of Theorem 4.6: By Lemma 4.9,

F({zi,e}) =
∏

e=(i,j)∈E

Fe(zi,e, zj,e)

satisfies
F({zi,e}) 6= 0 whenever all |zi,e| < 1.

Since
F({zi,e})

Successive
===========⇒
Asano contraction

PG(z1, . . . , zN)

By Lemma 4.8, we find

PG(z1, . . . , zN) 6= 0 whenever |z1| < 1, . . . , |zN | < 1.

Flipping the spin σi → −σi, we have

PG(z1, . . . , zN) =

(
N∏
i=1

zi

)
PG(z

−1
1 , . . . , z−1

N ).

If |zi| > 1 for all i, then |z−1
i | < 1 for all i. By the above proven case, we have

PG(z1, . . . , zN) 6= 0 whenever |z1| > 1, . . . , |zN | > 1.
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5 The Six-vertex Model
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5.1 Ice rule

The six-vertex model is a statistical mechanical model on a square lattice. Each edge
carries an arrow:

At each vertex, four arrows meet. The rule for the allowed configuration is:

at each vertex: two arrows in and two arrows out

This is called the ice rule, because it comes from the hydrogen-bond arrangement in
square ice. There are exactly six allowed local configurations.

weight w = a

weight w = b

weight w = c

They are grouped into three pairs, with Boltzman weights

a , b , c .
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The two configurations of each pair above are related to each other by flipping the arrow
directions. Such weight assignment of local configuration is under the assumption of
no external field. In such case the Boltzmann weights should be invariant when all the
polarizations are reversed. In general, we would have six different weights.

A global configuration C is an assignment of arrows to every edge in the region Λ

under consideration, satisfying the ice rule at every vertex. Its statistical weight is

W (C) =
∏

v∈V (C)

w(v)

where V (C) is the set of vertices in C. The partition function of this model is

Z =
∑
C

W (C) =
∑
C

∏
v∈V (C)

w(v).

We consider a square lattice with M rows and N columns. We set the periodic
boundary conditions in both directions. The partition function can be written as

ZM,N(a, b, c) =
∑
C

aNa(C)bNb(C)cNc(C)

where
Na(C), Nb(C), Nc(C)

count how many vertices of each type appear. The thermodynamic free energy per site
is

f = − 1

β
lim

M,N→∞

1

MN
logZM,N .

The exact computation of this free energy is one of the central achievements of solvable
lattice models.

5.2 Transfer matrix

Let a row configuration of vertical arrows be

σ = (σ1, σ2, · · · , σN) σi = ±1.

For example,

σ = (+,+,−,+,−,−)

We define the transfer matrix T σ′
σ by

T σ′

σ =
∑

h1,··· ,hN

N∏
j=1

R
hj+1σ

′
j

hjσj
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σ′
1

σ1

σ′
2

σ2

σ′
j

σj

σ′
N

σN

h1 h2 hj hN hN+1 = h1

where

R
hj+1σ

′
j

hjσj
= Weight of hj hj+1

σ′
j

σj

.

Under the periodic boundary conditions, the partition function ZM,N is given by

ZM,N = Tr TM .

In the thermodynamic limit M,N →∞, the free energy is given by

−βf = lim
N→∞

logΛmax

where Λmax is the largest eigenvalue of the transfer matrix T .
At each vertex, the R-matrix defined above

Rαβ
γδ = weight of α

β
γ

δ

defines a linear operator
R ∈ End(C2 ⊗ C2)

on basis by
Rαβ

γδ = 〈αβ|R|γδ〉.

Explicitly,

R++
++ = R−−

−− = a + : ↑ →

R+−
+− = R−+

−+ = b

R−+
+− = R+−

−+ = c − : ↓ ←

where + represents ↑,→ and − represents ↓,←. In terms of the ordered basis

|++〉, |+−〉, |−+〉, |−−〉
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the R-matrix takes the form

R =


a 0 0 0

0 b c 0

0 c b 0

0 0 0 a

 .

We introduce the spectral parameter u such that the weights a(u), b(u), c(u) depend
on u. The corresponding six-vertex R-matrix becomes

R(u) =


a(u) 0 0 0

0 b(u) c(u) 0

0 c(u) b(u) 0

0 0 0 a(u)

 .

5.3 The Yang-Baxter equation

Let V be a vector space. In general, an R-matrix is a linear map

R(u) : V ⊗ V → V ⊗ V

parametrized by a complex variable u, called the spectral parameter. Let Rij denote the
operator R acting on the ith and jth tensor factors of

V ⊗ V ⊗ V.

Thus
R12(u) = R(u)⊗ I, R23(u) = I ⊗R(u),

and R13(u) acts on the first and third tensor factors.

Definition 5.1. The R-matrix is said to satisfy the Yang-Baxter equation (YBE) if

R12(u− v)R13(u− w)R23(v − w) = R23(v − w)R13(u− w)R12(u− v).

This is an identity of operators on V ⊗ V ⊗ V .

Graphically, the LHS is

u v w

R12

R13

R23
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the RHS is
u v w

R13

R12

R23

Thus the Yang-Baxter equation says

u v w

=

u v w

One key fact about Yang-Baxter equation is on integrability. Let us consider

HN = V1 ⊗ V2 ⊗ · · · ⊗ VN

where Vi’s are copies of V . We also introduce an auxiliary space Va = V indexed by a.
Define the monodromy matrix

Ma(u) = RaN(u)Ra,N−1(u) · · ·Ra1(u)

where
Raj(u) : Va ⊗ Vj → Va ⊗ Vj.

Thus
Ma(u) : Va ⊗HN → Va ⊗HN .

Graphically Ma is represented by

a

1 2

· · ·

· · · N − 1 N

Proposition 5.2 (RTT relation). The Yang-Baxter equation implies

Rab(u− v)Ma(u)Mb(v) =Mb(v)Ma(u)Rab(u− v)

Proof: Graphically, the LHS of RTT relation is
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u

v

a

b

1 2

· · ·

N − 1 N

We can apply Yang-Baxter equation successively

=

a

b

1 2

· · ·

N − 1 N
=

...

=

a

b

1 2

· · ·

N − 1 N

This is precisely the RHS of RTT relation.

The transfer matrix is obtained by

T (u) = TraMa(u) : H→ H

where Tra is the trace over the auxiliary Va.

Proposition 5.3. Assume Rab(u− v) is invertible. Then

[T (u), T (v)] = 0 ∀u, v

Proof: Let Tra,b denote the trace over both auxiliary spaces Va and Vb. By the RTT
relation

Tra,b(Ma(u)Mb(v)) = Tra,b(Rab(u− v)Ma(u)Mb(v)R
−1
ab (u− v))

= Tra,b(Mb(v)Ma(u)Rab(u− v)R−1
ab (u− v))

= Tra,b(Mb(v)Ma(u)).
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Thus
T (u)T (v) = Tra,b(Ma(u)Mb(v)) = Tra,b(Mb(v)Ma(u)) = T (v)T (u).

Remark 5.4. The essential mechanism is:

RTT =⇒ Ma(u)Mb(v) is conjugate to Mb(v)Ma(u)

In most situations we are interested, we can expand the transfer matrix

T (u) =
∞∑
n=0

Inu
n.

Because the entire generating functions commute

[T (u), T (v)] = 0 ∀u, v,

the coefficients also commute
[Im, In] = 0.

Thus one obtains infinitely many commuting operators

I0, I1, I2, · · ·

The Hamiltonian belongs to this family, so these are conserved quantities.

5.4 Six-vertex solutions of YBE

Now let us analyze the R-matrix in the six-vertex model.

Rαβ
γδ = weight of α

β
γ

δ

In component,

R++
++ = R−−

−− = a(u)

R+−
+− = R−+

−+ = b(u)

R−+
+− = R+−

−+ = c(u)

Set
x = u− v , y = v − w , x+ y = u− w

The YBE is
R12(x)R13(x+ y)R23(y) = R23(y)R13(x+ y)R12(x).
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We look for a(u), b(u), c(u) that solves this equation.
observe that the six-vertex R-matrix preserves the number of + signs. The check of

YBE splits into four sectors:

0 , 1 , 2 , 3 plus signs.

The sectors with 0 and 3 plus signs are one-dimensional:

|− − −〉 , |+++〉.

On these states the YBE is immediate, since both sides are multiplication by

a(x)a(x+ y)a(y).

The nontrivial check is in the sectors

W1 = Span{|+−−〉, |−+−〉, |− −+〉}

W2 = Span{|−++〉, |+−+〉, |++−〉}

By spin reversal symmetry, it is enough to check one of them, say W1. On the ordered
basis

|+−−〉, |−+−〉, |− −+〉

the three two-site R-matrix act as follows:

R12 =


b c 0

c b 0

0 0 a

 R23 =


a 0 0

0 b c

0 c b

 R13 =


b 0 c

0 a 0

c 0 b


Proposition 5.5. Let

a(u) = sinh(u+ η) , b(u) = sinhu , c(u) = sinh η

where c = sinh η is independent of the spectral parameter u. Then the six-vertex R-matrix

R(u) =


a(u) 0 0 0

0 b(u) c(u) 0

0 c(u) b(u) 0

0 0 0 a(u)


satisfies the Yang-Baxter equation.

Proof: For brevity write

au = a(u) , bu = b(u) , c = c(u).
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5 THE SIX-VERTEX MODEL Si Li

We check the YBE on the sector W1 described above. The LHS of YBE acting on W1 is

R12(x)R13(x+ y)R23(y) =


bx c 0

c bx 0

0 0 ax



bx+y 0 c

0 ax+y 0

c 0 bx+y



ay 0 0

0 by c

0 c by



=


aybxbx+y cax+yby + c2bx c2ax+y + cbxby

caybx+y ax+ybxby + c3 cax+ybx + c2by

caxay caxbx+y axbx+yby


The RHS of YBE acting on W1 is

R23(y)R13(x+ y)R12(x) =


ay 0 0

0 by c

0 c by



bx+y 0 c

0 ax+y 0

c 0 bx+y



bx c 0

c bx 0

0 0 ax



=


aybxbx+y caybx+y caxay

cax+yby + c2bx ax+ybxby + c3 caxbx+y

c2ax+y + cbxby cax+ybx + c2by axbx+yby


Thus YBE is reduced to the following identities:

ax+yby + cbx = aybx+y

cax+y + bxby = axay

ax+ybx + cby = axbx+y

Now substitute

au = sinh(u+ η) , bu = sinhu , c = sinh η.

Thee above identities becomes elementary hyperbolic ones.

5.5 Algebraic Bethe ansatz

The original Bethe ansatz is a clever guess for many-body wavefunctions. We discuss
Bethe ansatz for the Six-vertex model to diagonalize the transfer matrix.

We start with the algebraic Bethe ansatz. Recall the monodromy matrix

Ma(u) : Va ⊗HN → Va ⊗HN

Ma(u) = RaN(u)Ra,N−1(u) · · ·Ra1(u)
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5 THE SIX-VERTEX MODEL Si Li

a

1 2

· · ·

N − 1 N

Here HN = (C2)⊗N and Va = C2. As a 2× 2 matrix in the auxiliary space,

Ma(u) =

(
A(u) B(u)

C(u) D(u)

)
a

where A(u), B(u), C(u), D(u) are operators on HN . The RTT relation

Rab(u− v)Ma(u)Mb(v) =Mb(v)Ma(u)Rab(u− v)

implies algebraic relations among A,B,C,D. In the ordered basis

|+a+b〉, |+a−b〉, |−a+b〉, |−a−b〉

we have

R(u) =


a(u) 0 0 0

0 b(u) c(u) 0

0 c(u) b(u) 0

0 0 0 a(u)


where a(u) = sinh(u+ η) , b(u) = sinhu , c(u) = sinh η for six-vertex model. And

Ma(u)Mb(v) =


A(u)A(v) A(u)B(v) B(u)A(v) B(u)B(v)

A(u)C(v) A(u)D(v) B(u)C(v) B(u)D(v)

C(u)A(v) C(u)B(v) D(u)A(v) D(u)B(v)

C(u)C(v) C(u)D(v) D(u)C(v) D(u)D(v)



Mb(v)Ma(u) =


A(v)A(u) B(v)A(u) A(v)B(u) B(v)B(u)

C(v)A(u) D(v)A(u) C(v)B(u) D(v)B(u)

A(v)C(u) B(v)C(u) A(v)D(u) B(v)D(u)

C(v)C(u) D(v)C(u) C(v)D(u) D(v)D(u)


The algebraic relations we need come from the (1, 4)-entry, (1, 2)-entry and (3, 4)-entry
of the RTT relation. The (1,4)-entry gives

B(u)B(v) = B(v)B(u).

The (1, 2)-entry gives

a(u− v)A(u)B(v) = b(u− v)B(v)A(u) + c(u− v)A(v)B(u)
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The (3, 4)-entry gives

c(u− v)B(u)D(v) + b(u− v)D(u)B(v) = a(u− v)B(v)D(u)

It turns out to be convenient to work with another equivalent form for the (1, 2)-entry
identity. Swap u and v, we get

a(v − u)A(v)B(u) = b(v − u)B(u)A(v) + c(v − u)A(u)B(v).

Since c is a constant,

A(v)B(u) =
b(v − u)
a(v − u)

B(u)A(v) +
c

a(v − u)
A(u)B(v).

Substitute this into the previous (1,2)-entry equation[
a(u− v)− c2

a(v − u)

]
A(u)B(v) = b(u− v)B(v)A(u) +

cb(v − u)
a(v − u)

B(u)A(v).

Using the six-vertex identity

a(u− v)a(v − u)− c2 = b(u− v)b(v − u)

we get
A(u)B(v) =

a(v − u)
b(v − u)

B(v)A(u)− c

b(v − u)
B(u)A(v).

The above (3,4)-entry gives

D(u)B(v) =
a(u− v)
b(u− v)

B(v)D(u)− c

b(u− v)
B(u)D(v).

Thus we find the following identities from the RTT relation

[B(u), B(v)] = 0

(AB-relation) A(u)B(v) = f(v − u)B(v)A(u)− g(v − u)B(u)A(v)

(DB-relation) D(u)B(v) = f(u− v)B(v)D(u)− g(u− v)B(u)D(v)

where
f(x) =

a(x)

b(x)
, g(x) =

c(x)

b(x)
.

In particular, we can simultaneously diagonalize B(u). The transfer matrix is

T (u) = TraM(u) = A(u) +D(u).
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Bethe vector and eigenvalue

Let us first consider
|0〉 = |++ · · ·+〉 ∈ HN .

Because of the triangular action of R(u) on + spin, one obtains

A(u)|0〉 = a(u)N |0〉

D(u)|0〉 = b(u)N |0〉

C(u)|0〉 = 0

Thus |0〉 can be viewed as a highest-weight vector. Consider the one-particle state

|λ〉 = B(λ)|0〉.

By the AB-relation,

A(u)B(λ)|0〉 = f(λ− u)B(λ)A(u)|0〉 − g(λ− u)B(u)A(λ)|0〉

= a(u)Nf(λ− u)B(λ)|0〉 − a(λ)Ng(λ− u)B(u)|0〉.

Similarly

D(u)B(λ)|0〉 = b(u)Nf(u− λ)B(λ)|0〉 − b(λ)Ng(u− λ)B(u)|0〉.

Therefore the transfer matrix acts as

T (u)B(λ)|0〉 = Λ(u;λ)B(λ)|0〉+ U(u;λ)B(u)|0〉

where

Λ(u;λ) = a(u)Nf(λ− u) + b(u)Nf(u− λ)

U(u;λ) = −a(λ)Ng(λ− u)− b(λ)Ng(u− λ).

If U(u;λ) = 0, then B(λ)|0〉 is an eigenvector of the transfer matrix. This condition
is the one-particle version of Bethe equation:

U(u;λ) = 0.

Since g(λ− u) = −g(u− λ), this condition becomes(
a(λ)

b(λ)

)N

= 1.

In general, consider

|λ1, · · · , λm〉 = B(λ1) · · ·B(λm)|0〉.

We can use the AB and DB relations to compute how T (u) = A(u) + D(u) acts on
|λ1, · · · , λm〉.
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Proposition 5.6. If λ1, · · · , λm satisfy the following Bethe equation[
a(λj)

b(λj)

]N
=
∏
k ̸=j

f(λj − λk)
f(λk − λj)

∀j.

Then |λ1, · · · , λm〉 is an eigenvector of the transfer matrix matrix T (u) with eigenvalue

a(u)N
m∏
j=1

f(λj − u) + b(u)N
m∏
j=1

f(u− λj).

Proof: Iterate the above one-particle computation. Exercise.

In the trigonometric parametrization of the six-vertex model, the Bethe equation
becomes [

sinh(λj + η)

sinh(λj)

]N
=
∏
k ̸=j

sinh(λj − λk + η)

sinh(λj − λk − η)

The corresponding eigenvalue is

a(u)N
m∏
j=1

sinh(λj − u+ η)

sinh(λj − u)
+ b(u)N

m∏
j=1

sinh(u− λj + η)

sinh(u− λj)
.

Thermodynamic free energy

The thermodynamic free energy is

f(u) = − 1

β
lim

N→∞

1

N
logΛmax(u)

where Λmax(u) is the largest eigenvalue of T (u). This can be computed from Bethe ansatz
as follows. Define

p(λ) = −i log sinh(λ+ η)

sinhλ

θ(λ) = −i log sinh(λ+ η)

sinh(λ− η)

Taking the log of the Bethe equation, one obtains

Np(λj) = 2πIj +
∑
k ̸=j

θ(λj − λk)

where Ij are called Bethe quantum numbers.
Define the density in the thermodynamic limit

ρ(λ) = lim
N→∞

1

N

∑
j

δ(λ− λj)

so that
1

N

∑
j=1

F (λj)→
ˆ
F (λ)ρ(λ)dλ.
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Denote

G(λ) =
1

2π

[
Np(λ)−

∑
k

θ(λ− λk)

]
.

The logarithmic Bethe ansatz says

G(λj) = Ij −
1

2
.

Differentiate G(λ) gives

G′(λ) =
1

2π

[
Np′(λ)−

∑
k

θ′(λ− λk)

]
.

The number of Bethe roots in a small interval [λ, λ+ dλ] is

Nρ(λ)dλ.

The number Ij increases by one from one root to the next, thus

Nρ(λ) = G′(λ).

In the limit N →∞,
2πρ(λ) = p′(λ)−

ˆ
θ′(λ− µ)ρ(µ)dµ.

This is the integral equation for the Bethe root density.
Take the Fourier transform

ϕ̂(ω) =

ˆ ∞

−∞
eiωλϕ(λ)dλ.

The above integral equation becomes

2πρ̂(ω) = p̂′(ω)− θ̂′(ω)ρ̂(ω)

Inverting the Fourier transform, one solves

ρ(λ) =
1

2π

ˆ ∞

−∞
e−iωλ p̂′(ω)

2π + θ̂′(ω)
dω.

Now recall the Bethe eigenvalue

Λ(u) = a(u)N
m∏
j=1

sinh(λj − u+ η)

sinh(λj − u)
+ b(u)N

m∏
j=1

sinh(u− λj + η)

sinh(u− λj)
.

Define

ΦA(u) = log a(u) +
ˆ

log sinh(λ− u+ η)

sinh(λ− u) ρ(λ)dλ

ΦD(u) = log b(u) +
ˆ

log sinh(u− λ+ η)

sinh(u− λ) ρ(λ)dλ
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Then
Λ(u) ≈ eNΦA(u) + eNΦD(u) N →∞.

Consequently

f(u) = − 1

β
lim

N→∞

1

N
logΛ(u) = − 1

β
max{ΦA(u),ΦD(u)}.

The phase diagram is organized by the six-vertex parameter

∆ =
a2 + b2 − c2

2ab
.

Plug in the hyperbolic parametrization

a(u) = sinh(u+ η), b(u) = sinhu, c(u) = sinh η

one finds
∆ = cosh η.

• ferroelectric phase: ∆ > 1

• anti-ferroelectric phase: ∆ < −1

• disordered phase: −1 < ∆ < 1.

The ferroelectric and anti-ferroelectric phases are gapful (massive), while the disordered
phase (also called critical phase) is gapless (massless).

Let us consider the critical regime

−1 < ∆ < 1.

We write η = iγ and
∆ = cosh η = cos γ 0 < γ < π.

It is convenient to consider the shift

λ→ λ− η

2
= λ− i

2
γ

and denote

p̃(λ) = p

(
λ− i

2
γ

)
= −i log

sinh(λ+ i
2
γ)

sinh(λ− i
2
γ)

ρ̃(λ) = ρ

(
λ− i

2
γ

)
.

The root density integral equation is

2πρ̃(λ) = p̃′(λ)−
ˆ
θ′(λ− µ)ρ̃(µ)dµ.
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In this symmetric form, we can write

1

2π
p̃′(λ) = a1(λ) ,

1

2π
θ′(λ) = a2(λ)

where
an(λ) =

1

2π

2 sin(nγ)
cosh(2λ)− cos(nγ) .

The Fourier transform of an’s are

ân(ω) =
sinh

(
π−nγ

2
ω
)

sinh
(
π
2
ω
)

for 0 < nγ < π. The root density equation gives

ˆ̃ρ(ω) =
â1(ω)

1 + â2(ω)
=

sinh
(
π−γ
2
ω
)

sinh
(
π
2
ω
)
+ sinh

(
π−2γ

2
ω
) =

1

2 cosh(γω
2
)
.

Thus

ρ̃(λ) =
1

2π

ˆ ∞

−∞
e−iωλ 1

2 cosh(γω/2) dω =
1

2γ

1

cosh(πλ/γ) .

This gives the root density in the critical regime

ρ

(
λ− i

2
γ

)
=

1

2γ

1

cosh(πλ/γ) .

5.6 Coordinate Bethe ansatz

We briefly discuss the traditional coordinate Bethe ansatz approach. The reference
state is again

|0〉 = |++ · · ·+〉

and let |x〉 denote the state

|x〉 =

∣∣∣∣∣∣+ · · ·+ −
↑

position x

++ · · ·+

〉
.

A one-particle state is a superposition

|ψ〉 =
N∑

x=1

ψ(x)|x〉.

Translation invariance suggests
ψ(x) = eikx

and periodic boundary condition implies

eikN = 1
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which is the one-particle Bethe equation.
In general, we consider

|x1, · · · , xm〉 (1 ≤ x1 < · · · < xm ≤ N)

where xj are positions of − spins. For example of two particles in the ordered region
x1 < x2, one takes the wave function

ψ(x1, x2) = A12e
i(k1x1+k2x2) + A21e

i(k2x1+k1x2).

The first term corresponds to particle 1 carrying momentum k1, particle 2 carrying mo-
mentum k2. The second term corresponds to exchanged momentum. The state∑

x1<x2

ψ(x1, x2)|x1, x2〉

is an eigenstate if
A21 = S(λ1, λ2)A12

where the scattering amplitude S is

S(λ1, λ2) =
sinh(λ1 − λ2 + η)

sinh(λ1 − λ2 − η)
.

The parameters λi is related to the momentum ki by

eik =
a(u)

b(u)
=

sinh(λ+ η)

sinhλ , ∆ = cosh η.

For M particles, the coordinate Bethe ansatz assumes an eigenvector of the form∑
1≤x1<x2<···<xM≤N

ψ(x1, · · · , xM)|x1, · · · , xM〉

with wave function

ψ(x1, · · · , xM) =
∑
σ∈SM

Aσ

M∏
j=1

eikσ(j)xj .

All amplitudes are determined by the scattering relation

A···ji··· = S(λi, λj)A···ij···.

Consistency of different decompositions of the same permutation is precisely the factor-
ization principle behind the Yang-Baxter equation

S12S13S23 = S23S13S12.

Now send the j-th particle once around the periodic chain. It picks up a free phase
eikjN and scatters with every other magnon. Periodicity gives

eikjN =
∏
k ̸=j

S(λj − λk)
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which is exactly the Bethe equation.[
sinh(λj + η)

sinh(λj)

]N
=
∏
k ̸=j

sinh(λj − λk + η)

sinh(λj − λk − η)
.
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6 The Hubbard Model

Contents

6.1 Fermion algebra and the Hubbard Hamiltonian . . . . . . . . . . . . . . 112
6.2 Mott physics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
6.3 The t-J model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
6.4 RVB . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
6.5 Mean-field theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
The Ising model and six-vertex model are classical lattice models. Their mathe-

matical structure is already rich: transfer matrix, dualities, exact free energies, Yang-
Baxter equations, and Bethe ansatz. We next consider the Hubbard model which intro-
duces quantum fermions, spin, charge, and local interaction in the simplest possible way.
This model was introduced independently in related form by Hubbard, Kanamori, and
Gutzwiller in the early 1960s. The basic Hamiltonian is

H = −t
∑
⟨i,j⟩,σ

(c†iσcjσ + c†jσciσ) + U
∑
i

ni↑ni↓.

Here t is the nearest-neighbor hopping amplitude, and U is the on-site interaction. The
operators c†iσ creates an electron of spin σ ∈ {↑, ↓} at lattice site i, while niσ = c†iσciσ is
the number operator. This model is important for several reasons such as:

• It is the simplest lattice model of interacting electrons.

• At half filling and large positive U , it gives a Mott insulator and antiferromagnetism.

• In one dimension it is exactly solvable by the nested Bethe ansatz.

• For negative U , it gives a clean lattice model of Cooper pairing and BCS supercon-
ductivity.

Basically,

Hubbard model = Kinetic hopping + local Coulomb repulsion

The competition between the two terms is the essential physics. The hopping term tries
to delocalize electrons and form bands. The interaction term penalizes double occupation
and tends to localize charge.

t t t

hopping delocalize electrons

↑

↓

on-site cost U.
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6.1 Fermion algebra and the Hubbard Hamiltonian

Fermionic creation and annihilation operators satisfy the anti-commutator relations

{ciσ, c†jσ′} = δijδσσ′ , {ciσ, cjσ′} = {c†iσ, c
†
jσ′} = 0.

The local Hilbert space at one site is four dimensional with basis:

|0〉, |↑〉 = c†↑|0〉, |↓〉 = c†↓|0〉, |↑↓〉 = c†↑c
†
↓|0〉.

Let Hi denote such Hilbert space at site i. The full Hilbert space is the tensor product⊗
i

Hi.

The number operator at site i is
niσ = c†iσciσ.

ni↑ counts the number of ↑ at site i, and ni↓ counts the number of ↓ at site i.

Definition 6.1. Let Λ be a finite graph with vertex set also denoted by Λ. We write
〈i, j〉 for un-ordered nearest-neighbor edges. The Hubbard Hamiltonian on Λ is

H = −t
∑
⟨i,j⟩,σ

(c†iσcjσ + c†jσciσ) + U
∑
i

ni↑ni↓ − µ
∑
i,σ

niσ.

Here t > 0 is hopping, U is the on-site interaction, and µ is the chemical potential.

• U > 0: double occupation |↑↓〉 is penalized.

• U < 0: double occupation is favored and the model supports pairing.

The chemical potential is coupled to the total particle number

N =
∑
i,σ

niσ =
∑
i

ni↑ + ni↓.

The particle number is conserved for the Hubbard Hamiltonian,

[H,N ] = 0.

Define the spin operator at site i

~Si =
1

2

∑
α,β

c†iα~σαβciβ

where ~σ = (σx, σy, σz) are Pauli matrices. They satisfy su(2) commutation relations

[Sa
i , S

b
i ] =

i

2
εabcSc

i .

Denote the total spin
~S =

∑
i

~Si

which satisfies the same su(2) commutation relation.
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Proposition 6.2 (Spin SU(2) symmetry). The Hubbard Hamiltonian satisfies

[H,Sa] = 0, a = x, y, z.

Example 6.3. Consider two sites and two electrons (N = 2). We omit the chemical
potential (µ = 0). The two electron states decompose into SU(2) multiplets. The spin-
triplet states

|↑, ↑〉, 1√
2
(|↑, ↓〉+ |↓, ↑〉), |↓, ↓〉

have energy H = 0. The singlet

|S〉 = 1√
2
(|↑, ↓〉 − |↓, ↑〉)

mixes with
|D〉 = 1√

2
(|↑↓, 0〉+ |0, ↑↓〉).

In the basis |S〉, |D〉, the Hamiltonian is

H =

(
0 −2t
−2t u

)
.

The lowest eigenvalue is

Emin =
u−
√
u2 + 16t2

2
.

For u� t,
Emin = −4t2

u
+O(t4/u3).

So the singlet energy is lower by −4t2

u
than triplet. This is the simplest derivation of

anti-ferromagnetic exchange.

6.2 Mott physics

Set t = 0 and consider the atomic limit

Hat = U
∑
i

ni↑ni↓ − µ
∑
i

(ni↑ + ni↓).

The one-site energies are

State particle number energy
|0〉 0 0
|↑〉, |↓〉 1 −µ
|↑↓〉 2 U − 2µ
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Definition 6.4 (Half filling). For a lattice with L sites, half filling means

N = L

Equivalently, the average number of electrons per site is one.

At half filling one usually takes µ = U/2 (see Section 6.5). Then

E(0) = 0, E(1) = −U/2, E(2) = 0.

For U > 0, the singly occupied states are lowest. Thus at half filling and t = 0, the ground
state manifold consists of all spin configurations with one electron per site. Charge is
frozen, but spin remains free.

The elementary charge excitation creates a doubly occupied site. In the atomic limit
this costs energy of order U . Therefore, even though band theory predicts a metal at half
filling, interactions produce an insulating state. This is the Mott mechanism.

6.3 The t-J model

One key physical regime of Hubbard model is

U � t.

In this regime double occupation costs a large energy U . Therefore at low energies the
system avoids doubly occupied sites. Nevertheless, electrons can still move when holes are
present, and virtual hopping processes generate spin exchange. We derive the effective
low-energy model in this regime, which is the t-J model.

To describe the exclusion of double occupancy, we introduce the Gutzwiller projec-
tion

P =
∏
i

(1− ni↑ni↓).

The projected Hilbert space at each site i is

PHi = Span{|0〉i, |↑〉i, |↓〉i}.

The projected electron operators are

c̃iσ = PciσP = ciσ(1− ni,−σ)

c̃†iσ = Pc†iσP = c†iσ(1− ni,−σ)

They annihilate any process that would create double occupancy.
Let us write the Hubbard Hamiltonian as

HHub = T +HU
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where
T = −t

∑
⟨i,j⟩,σ

(c†iσcjσ + c†jσciσ) , HU = U
∑
i

ni↑ni↓.

The projected hopping term is

T̃ = PTP = −t
∑
⟨i,j⟩,σ

(c̃†iσ c̃jσ + c̃†jσ c̃iσ).

This term vanishes at exact half filling, where every site is singly occupied, but is nonzero
when holes are introduced.

T
==⇒ P

==⇒ 0.

The projected on-site repulsion vanishes

PHUP = 0.

Let us denote
Q = 1− P.

The operator Q projects to states with at least one double occupancy, and therefore has
energy of order U . So we can invert HU on Im(Q).

We decompose the Hilbert space as

ImP ⊕ ImQ

low energy high energy

The Hubbard Hamiltonian takes the block form

HHub =

(
PHHubP PHHubQ

QHHubP QHHubQ

)
=

(
PTP PTQ

QTP QTQ+QHUQ

)
.

The low energy effective Hamiltonian is an operator

Heff : Im P → Im P

that reproduces the same spectrum in the low energy regime

Spec(Heff) = low energy Spec(HHub).

This can be described by the resolvent relation

(z −Heff)
−1 = P (z −HHub)

−1P at low energy
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which leads to

Heff(z) = PHHubP + PHHubQ(z −QHHubQ)
−1QHHubP

= PTP + PTQ(z −QHUQ−QTQ)−1QTP.

For U � t, low energy satisfies z � U , so

(z −QHUQ−QTQ)−1 = −(QHUQ)
−1 +O(t/U2).

Therefore the effective Hamiltonian through order t2/U is

Heff = PTP − PTQ 1

HU

QTP +O(t3/U2).

If the intermediate states have exactly one double occupancy, then QHUQ = UQ. So

Heff = PTP − 1

U
PTQTP +O(t3/U2).

Proposition 6.5. On a nearest-neighbor bond 〈i, j〉,

PTijQTijP = −4t2
(
~Si · ~Sj −

1

4
ninj

)
where Tij = −t

∑
σ(c

†
iσcjσ + c†jσciσ).

Proof: Let us denote
Φij = PTijQTijP.

If one of the two sites is empty, hopping Tij does not create double occupancy. Hence Q
kills the result. Thus the only nonzero action of Φij is on the two-electron sector

|↑, ↑〉, |↑, ↓〉, |↓, ↑〉, |↓, ↓〉.

The SU(2) triplet states are

|t+〉 = |↑, ↑〉, |t−〉 = |↓, ↓〉, |t0〉 =
1√
2
(|↑, ↓〉+ |↓, ↑〉).

For |t±〉, Tij|t±〉 = 0 by Pauli exclusion. For |t0〉, the two virtual hopping cancel by signs

PTijQTijP |t0〉 = 0.

Thus Φij = 0 on triplet states.
The SU(2) singlet state is

|s〉 = 1√
2
(|↑, ↓〉 − |↓, ↑〉).
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Direct computation of the virtual hopping gives

Φij|s〉 = 4t2|s〉.

On the other hand

~Si · ~Sj =

−3/4 Singlet

1/4 triplet

The proposition follows.

By Proposition 6.5, we find

Heff = Ht,J +O(t3/U2)

where

Ht,J = −t
∑
⟨i,j⟩,σ

P (c†iσcjσ + c†jσciσ)P + J
∑
⟨i,j⟩

(
~Si · ~Sj −

1

4
ninj

)
, J =

4t2

U

is the Hamiltonian of the t-J model.
Note that the anti-ferromagnetic exchange J = 4t2/U is not put into the Hubbard

model by hand. It is generated dynamically by virtual charge fluctuations. At half-filling,
each site is occupied by a single electron. The hopping term vanishes due to forbidden of
double occupancy. The t-J Hamiltonian becomes the Heisenberg model

J
∑
⟨i,j⟩

(
~Si · ~Sj −

1

4

)
, J =

4t2

U
.

Regime Low-energy model Physics
U � t, half-filling Heisenberg model anti-ferromagnetism

U � t, finite hopping t-J model holes in spin background

holes

Singlet bond

6.4 RVB

We have seen that at half filling and strong coupling U � t, the low energy subspace
has one electron per site, and virtual hopping produces anti-ferromagnetic superexchange

J
∑
⟨i,j⟩

(
~Si · ~Sj −

1

4
ninj

)
, J =

4t2

U
.

117



6 THE HUBBARD MODEL Si Li

Upon doping the Mott insulator, the low energy effective theory is the t-J model

Ht,J = −t
∑
⟨i,j⟩,σ

P (c†iσcjσ + c†jσciσ)P + J
∑
⟨i,j⟩

(
~Si · ~Sj −

1

4
ninj

)

where P is the Gutzwiller projector

P =
∏
i

(1− ni↑ni↓).

The anti-ferromagnetic term has an especially important form in the singlet channel.
Define the nearest-neighbor singlet creation operator

B†
ij =

1√
2
(c†i↑c

†
j↓ − c

†
i↓c

†
j↑).

The corresponding singlet is

|ij〉 = B†
ij|0〉 =

1√
2
(|↑i↓j〉 − |↓i↑j〉).

Proposition 6.6 (Exchange as a singlet attraction). On the P-projected Hilbert space,

~Si · ~Sj −
1

4
ninj = −B†

ijBij.

Proof: ~Si · ~Sj − 1
4
ninj has eigenvalue −1 on the spin singlet and 0 on the triplets.

Thus the exchange term can be written as

J
∑
⟨i,j⟩

(
~Si · ~Sj −

1

4
ninj

)
= −J

∑
⟨i,j⟩

B†
ijBij.

The anti-ferromagnetic coupling can be read as an attraction in the nearest-neighbor
spin-singlet bond.

i j

1√
2
(|↑i↓j〉 − |↓i↑j〉).

A valence-bond state is a product of such singlet bonds pairing sites in a lattice.
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Let Λ be a set of N sites with N even. A valence-bond covering D is a partition of
Λ into unordered pairs (i, j). The corresponding valence-bond state is

|D〉 =
∏

(i,j)∈D

B†
ij|0〉.

The resonating valence bond (RVB), introduced by Anderson in the context of
Cuprates, is a quantum superposition of valence-bond covering:

|ΨRVB〉 =
∑
D

A(D)|D〉.

The phrase “resonating valence bond” means that the ground state is not one fixed
pattern of dimers but a coherent superposition of many singlet coverings. RVB theory
was proposed as a way in which a quantum anti-ferromagnet may avoid conventional
magnetic order. The system fluctuates among singlet pairings. In some setting this gives
a quantum spin liquid.

6.5 Mean-field theory

The Hubbard model is an interacting many-body problem that is generally hard to
solve in dimension d ≥ 2. Mean-field theory is a systematic approximation in which
an interacting many-body problem is replaced by an effective one-particle problem in a
self-consistent background field. The general idea of mean field theory is as follows.

Suppose we have two operators A and B. Write

A = 〈A〉+ δA , B = 〈B〉+ δB.

Then
AB = 〈A〉 〈B〉+ 〈A〉 δB + 〈B〉 δA+ δAδB.

Mean-field theory neglects the quadratic fluctuation term

δAδB ≈ 0.

Hence
AB ≈ A 〈B〉+ 〈A〉B − 〈A〉 〈B〉 .

The expectation values appearing in the approximate Hamiltonian are not arbitrary ex-
ternal parameters. They must be computed in the ground state, or thermal state, of the
same approximate Hamiltonian. This leads to certain consistency condition.

In the Hubbard model

H = −t
∑
⟨i,j⟩,σ

(c†iσcjσ + c†jσciσ) + U
∑
i

ni↑ni↓ − µ
∑
i

ni
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where
niσ = c†iσciσ , ni = ni↑ + ni↓.

The difficult part is the quartic interaction

Uni↑ni↓.

Define
ρi↑ = 〈ni↑〉 , ρi↓ = 〈ni↓〉

Then the mean field approximation is

ni↑ni↓ ≈ ni↑ 〈ni↓〉+ 〈ni↑〉ni↓ − 〈ni↑〉 〈ni↓〉 .

The corresponding mean-field Hamiltonian is

HMF = −t
∑
⟨i,j⟩,σ

(c†iσcjσ + c†jσciσ) + U
∑
i

(ρi↓ni↑ + ρi↑ni↓ − ρi↑ρi↓)− µ
∑
i

ni.

This Hamiltonian is now quadratic in the fermion operators.
It is often clearer to introduce local charge density and local magnetization:

ρi = 〈ni〉 , mi = 〈ni↑ − ni↓〉

ao
ρi↑ =

ρi +mi

2
, ρi↓ =

ρi −mi

2
.

Then

ni↑ni↓ ≈
ρi −mi

2
ni↑ +

ρi +mi

2
ni↓ −

ρ2i −m2
i

4
=
ρi
2
ni −

mi

2
(ni↑ − ni↓)−

1

4
(ρ2i −m2

i ).

Since Sz
i = 1

2
(ni↑ − ni↓), this can be written as

ni↑ni↓ ≈
ρi
2
ni −miS

z
i −

1

4
(ρ2i −m2

i ).

This interaction creates an effective site-dependent magnetic field proportional to Umi.

Anti-ferromagnetic mean-field at half filling

The most important mean-field solution of the repulsive Hubbard model on the
square lattice is anti-ferromagnetic order at half filling. The square lattice is bipartite: it
decomposes into sublattices A and B such that nearest-neighbors of A lie in B and vice
versa.

• = A

◦ = B
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At half filling, we have ρi = 1. The system naturally tends toward anti-ferromagnetic
order. We take the simplest anti-ferromagnetic pattern:

mi =

+m i ∈ A

−m i ∈ B

Let Ri = (xi, yi) ∈ Z2 denote the position of i-th site. Let Q = (π, π). Then we have

mi = eiQ·Rim.

At half-filling, there is a special particle-hole symmetry that exchanges

electrons←→ holes

Here a hole means absence of an electron. On the bipartite square lattice, the particle-hole
transformation is

ciσ → (−1)ic†iσ

where

(−1)i = eiQ⃗·R⃗i =

+1 i ∈ A

−1 i ∈ B
.

The number operator transforms as

niσ → 1− niσ

So electrons become holes. The interaction term changes

Uni↑ni↓ → Uni↑ni↓ − Uni + U

and the chemical potential term changes

−µni → −2µ+ µni

The hopping term is invariant
Ht → Ht.

Combining the above transformed terms, the Hamiltonian becomes invariant if

µ =
1

2
U.

This is the special half-filled point. At this point, the mean-field Hamiltonian becomes

HMF = −t
∑
⟨i,j⟩,σ

(c†iσcjσ + c†jσciσ)− µ
∑
i

ni + U
∑
i

(
ρi
2
ni −

mi

2
(ni↑ − ni↓)−

1

4
(ρ2i −m2

i )

)

= −t
∑
⟨i,j⟩,σ

(c†iσcjσ + c†jσciσ)−
U

2
m
∑
i

(−1)i(ni↑ − ni↓) +N
Um2

4
.
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This mean field Hamiltonian can be diagonalized in the momentum space. Consider
the Fourier transform

ciσ =
1√
N

∑
k

eik·Ri ĉkσ, c†iσ =
1√
N

∑
k

e−ik·Ri ĉ†kσ .

The hopping term can be written as∑
k,σ

εkĉ
†
kσ ĉkσ , εk = −2t(cos kx + cos ky).

The mean field interaction∑
i

(−1)i(ni↑ − ni↓) =
∑
i,σ

σeiQ·Ric†iσciσ =
∑
k,σ

σĉ†k+Q,σ ĉkσ.

Thus
HMF =

∑
k,σ

εkĉ
†
kσ ĉkσ −∆

∑
k,σ

σĉ†k+Q,σ ĉkσ +N
∆2

U
, ∆ =

Um

2
.

The sum k is over the dual site in the Brillouin zone

−π < kx ≤ π , −π < ky ≤ π.

Because k is coupled with k +Q above, we let RBZ be the reduced Brillouin zone under
the identification k ∼ k +Q. Thus

HMF =
∑

k∈RBZ,σ

(
ĉ†kσ ĉ†k+Q,σ

)( εk −σ∆
−σ∆ εk+Q

)(
ĉkσ

ĉk+Q,σ

)
+N

∆2

U
.

For the nearest-neighbor square lattice

εk+Q = −εk

Hence (
εk −σ∆
−σ∆ εk+Q

)
=

(
εk −σ∆
−σ∆ −εk

)
.

whose eigenvalues are
±Ek = ±

√
ε2k +∆2.

Thus the Fermi Surface becomes gapped, and anti-ferromagnetic order creates an insu-
lating state. At half-filling and zero temperature, the lower band −Ek is filled and the
upper band +Ek is empty.
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εk

E

Now we consider the self-consistency. The order parameter is

m =
1

N

∑
i

(−1)i 〈ni↑ − ni↓〉 =
1

N

∑
k,σ

σ
〈
ĉ†k+Q,σ ĉkσ

〉
.

From the 2x2 Hamiltonian (
εk −σ∆
−σ∆ −εk

)
we find 〈

ĉ†k+Q,σ ĉkσ

〉
=
σ∆

2Ek

[f(−Ek)− f(Ek)]

where
f(E) =

1

eβE + 1

is the Fermi function. At T → 0, β →∞〈
ĉ†k+Q,σ ĉkσ

〉
→ σ∆

2Ek

.

Thus at zero temperature

m =
1

N

∑
k∈RBZ,σ

σ∆

Ek

=
2∆

N

∑
k∈RBZ

1

Ek

But ∆ = Um
2

. For m 6= 0, we find

1 =
U

N

∑
k∈RBZ

1√
ε2k +∆2

.

This is the Hubbard anti-ferromagnetic mean-field gap equation. This equation is directly
analogous to the BCS gap equation, but the gap is an anti-ferromagnetic particle-hole
gap rather than a superconducting particle-particle gap.
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